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PREFACE

In this book we define the new notion of neutrosophic rings.
The motivation for this study is two-fold. Firstly, the classes of
neutrosophic rings defined in this book are generalization of the
two well-known classes of rings: group rings and semigroup
rings. The study of these generalized neutrosophic rings will
give more results for researchers interested in group rings and
semigroup rings. Secondly, the notion of neutrosophic
polynomial rings will cause a paradigm shift in the general
polynomial rings. This study has to make several changes in
case of neutrosophic polynomial rings. This would give
solutions to polynomial equations for which the roots can be
indeterminates. Further, the notion of neutrosophic matrix rings
is defined in this book. Already these neutrosophic matrixes
have been applied and used in the neutrosophic models like
neutrosophic cognitive maps (NCMs), neutrosophic relational
maps (NRMs) and so on.
This book has four chapters. Chapter one is introductory in
nature, for it recalls some basic definitions essential to make the
book a self-contained one. Chapter two, introduces for the first
time the new notion of neutrosophic rings and some special
neutrosophic rings like neutrosophic ring of matrix and
neutrosophic polynomial rings. Chapter three gives some new
classes of neutrosophic rings like group neutrosophic rings,
neutrosophic group neutrosophic rings, semigroup neutrosophic
rings, S-semigroup neutrosophic rings which can be realized as
a type of extension of group rings or generalization of group
rings. Study of these structures will throw light on the research
on the algebraic structure of group rings. Chapter four is entirely
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devoted to the problems on this new topic, which is an added
attraction to researchers.
A salient feature of this book is that it gives 246 problems in
Chapter four. Some of the problems are direct and simple, some
little difficult and some can be taken up as a research problem.
We express our sincere thanks to Kama for her help in the
layout and Meena for cover-design of the book. The authors
express their whole-hearted gratefulness to Dr.K.Kandasamy
whose invaluable support and help, and patient proofreading
contributed to a great extent to the making of this book.
W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE
1 August 2006
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Chapter One

INTRODUCTION

In this book we assume all fields to be real fields of
characteristic 0, all vector spaces are taken as real spaces over
reals and we denote the indeterminacy by ‘I’ as i will make a
confusion, as it denotes the imaginary value, viz. i2 = –1 that is
− 1 = i. The indeterminacy I is such that I . I = I 2 = I. In this
book the authors mainly use the notion of neutrosophic
semigroup to construct special type of neutrosophic rings viz.
neutrosophic semigroup ring and neutrosophic semigroup
neutrosophic ring.
In this chapter we just recall some of the basic neutrosophic
structures in this book. This chapter has three sections. In
section one, we just recall the notion of neutrosophic groups and
their properties, section two recalls the basic concept of
neutrosophic semigroups and section three gives the definition
of neutrosophic field.
1.1 Neutrosophic Groups and their Properties
In this section we recall the notion of neutrosophic groups
introduced in [142-3]; neutrosophic groups in general do not
have group structure. We also define yet another notion called
pseudo neutrosophic groups which have group structure. As
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neutrosophic groups do not have group structure the classical
theorems viz. Sylow, Lagrange or Cauchy are not true in
general which forces us to define notions like Lagrange
neutrosophic groups, Sylow neutrosophic groups and Cauchy
elements. Examples are given for the understanding of these
new concepts.
We just give the basic definition alone as we use it only in
the construction of neutrosophic group rings and neutrosophic
group neutrosophic rings which are analogous structure of
group rings. In fact neutrosophic group neutrosophic rings
forms the most generalized neutrosophic rings.
DEFINITION 1.1.1: Let (G, *) be any group, the neutrosophic
group is generated by I and G under * denoted by N(G) = {〈G
∪ I〉, *}.
Example 1.1.1: Let Z7 = {0, 1, 2, …, 6} be a group under
addition modulo 7. N(G) = {〈Z7 ∪ I〉, ‘+’ modulo 7} is a
neutrosophic group which is in fact a group. For N(G) = {a + bI
/ a, b ∈ Z7} is a group under ‘+’ modulo 7. Thus this
neutrosophic group is also a group.
Example 1.1.2: Consider the set G = Z5 \ {0}, G is a group
under multiplication modulo 5. N(G) = {〈G ∪ I〉, under the
binary operation, multiplication modulo 5}. N(G) is called the
neutrosophic group generated by G ∪ I. Clearly N(G) is not a
group, for I2 = I and I is not the identity but only an
indeterminate, but N(G) is defined as the neutrosophic group.
Thus based on this we have the following theorem:
THEOREM 1.1.1: Let (G, *) be a group, N(G) = {〈G ∪ I〉, *} be
the neutrosophic group.
1.
2.

N(G) in general is not a group.
N(G) always contains a group.

Proof: To prove N(G) in general is not a group it is sufficient
we give an example; consider 〈Z5 \ {0} ∪ I〉 = G = {1, 2, 4, 3, I,
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2 I, 4 I, 3 I}; G is not a group under multiplication modulo 5. In
fact {1, 2, 3, 4} is a group under multiplication modulo 5.
N(G) the neutrosophic group will always contain a group
because we generate the neutrosophic group N(G) using the
group G and I. So G ⊂ N(G); hence N(G) will always contain a
≠

group.
Now we proceed onto define the notion of neutrosophic
subgroup of a neutrosophic group.
DEFINITION 1.1.2: Let N(G) = 〈G ∪ I〉 be a neutrosophic group
generated by G and I. A proper subset P(G) is said to be a
neutrosophic subgroup if P(G) is a neutrosophic group i.e. P(G)
must contain a (sub) group.
Example 1.1.3: Let N(Z2) = 〈Z2 ∪ I〉 be a neutrosophic group
under addition. N(Z2) = {0, 1, I, 1 + I}. Now we see {0, I} is a
group under + in fact a neutrosophic group {0, 1 + I} is a group
under ‘+’ but we call {0, I} or {0, 1 + I} only as pseudo
neutrosophic groups for they do not have a proper subset which
is a group. So {0, I} and {0, 1 + I} will be only called as pseudo
neutrosophic groups (subgroups).
We can thus define a pseudo neutrosophic group as a
neutrosophic group, which does not contain a proper subset
which is a group. Pseudo neutrosophic subgroups can be found
as a substructure of neutrosophic groups. Thus a pseudo
neutrosophic group though has a group structure is not a
neutrosophic group and a neutrosophic group cannot be a
pseudo neutrosophic group. Both the concepts are different.
Now we see a neutrosophic group can have substructures which
are pseudo neutrosophic groups which is evident from the
following example.
Example 1.1.4: Let N(Z4) = 〈Z4 ∪ I〉 be a neutrosophic group
under addition modulo 4. 〈Z4 ∪ I〉 = {0, 1, 2, 3, I, 1 + I, 2I, 3I, 1
+ 2I, 1 + 3I, 2 + I, 2 + 2I, 2 + 3I, 3 + I, 3 + 2I, 3 + 3I}. o(〈Z4 ∪
I〉) = 42.
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Thus neutrosophic group has both neutrosophic subgroups and
pseudo neutrosophic subgroups. For T = {0, 2, 2 + 2I, 2I} is a
neutrosophic subgroup as {0 2} is a subgroup of Z4 under
addition modulo 4. P = {0, 2I} is a pseudo neutrosophic group
under ‘+’ modulo 4.
Now we are not sure that general properties, which are true
of groups, are true in case of neutrosophic groups for
neutrosophic groups are not in general groups. We see that in
case of finite neutrosophic groups the order of both
neutrosophic subgroups and pseudo neutrosophic subgroups do
not divide the order of the neutrosophic group. Thus we give
some problems in the chapter 4.
THEOREM 1.1.2: Neutrosophic groups can have non-trivial
idempotents.
Proof: For I ∈ N(G) we have I 2 = I .
Note: We cannot claim from this that N(G) can have zero
divisors because of the idempotent as our neutrosophic groups
are algebraic structures with only one binary operation
multiplication in this case I 2 = I .
We illustrate this by the following examples:
Example 1.1.5: Let N(G) = {1, 2, I, 2I} a neutrosophic group
under multiplication modulo three. We see (2I)2 ≡ I (mod 3), I2
= I. (2I) I = 2I, 22 ≡ 1 (mod 3). So P = {1, I, 2I} is a pseudo
neutrosophic subgroup. Also o(P) /\ o(N (G)).
Thus we see order of a pseudo neutrosophic subgroup need
not in general divide the order of the neutrosophic group.
We give yet another example, which will help us to see that
Lagrange's theorem for finite groups in case of finite
neutrosophic groups, is not true.
Example 1.1.6: Let N(G) = {1, 2, 3, 4, I, 2I, 3I, 4I} be a
neutrosophic group under multiplication modulo 5. Now
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consider P = {1, 4, I, 2I, 3I, 4I} ⊂ N(G). P is a neutrosophic
subgroup. o(N(G)) = 8 but o(P) = 6, 6 /\ 8. So clearly
neutrosophic groups in general do not satisfy the Lagrange
theorem for finite groups.
So we define or characterize those neutrosophic groups,
which satisfy Lagrange theorem as follows:
DEFINITION 1.1.3: Let N(G) be a neutrosophic group. The
number of distinct elements in N(G) is called the order of N(G).
If the number of elements in N(G) is finite we call N(G) a finite
neutrosophic group; otherwise we call N(G) an infinite
neutrosophic group, we denote the order of N(G) by o(N(G)) or
|N(G)|.
DEFINITION 1.1.4: Let N(G) be a finite neutrosophic group. Let
P be a proper subset of N(G), which under the operations of
N(G) is a neutrosophic group. If o(P) / o(N(G)) then we call P
to be a Lagrange neutrosophic subgroup. If in a finite
neutrosophic group all its neutrosophic subgroups are
Lagrange then we call N(G) to be a Lagrange neutrosophic
group.
If N(G) has atleast one Lagrange neutrosophic subgroup
then we call N(G) to be a weakly Lagrange neutrosophic group.
If N(G) has no Lagrange neutrosophic subgroup then we call
N(G) to be a Lagrange free neutrosophic group.
We have already given examples of these. Now we proceed on
to recall the notion called pseudo Lagrange neutrosophic group.
DEFINITION 1.1.5: Let N(G) be a finite neutrosophic group.
Suppose L is a pseudo neutrosophic subgroup of N(G) and if
o(L) / o(N(G)) then we call L to be a pseudo Lagrange
neutrosophic subgroup. If all pseudo neutrosophic subgroups of
N(G) are pseudo Lagrange neutrosophic subgroups then we call
N(G) to be a pseudo Lagrange neutrosophic group.
If N(G) has atleast one pseudo Lagrange neutrosophic
subgroup then we call N(G) to be a weakly pseudo Lagrange
neutrosophic group. If N(G) has no pseudo Lagrange
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neutrosophic subgroup then we call N(G) to be pseudo
Lagrange free neutrosophic group.
Now we illustrate by some example some more properties of
neutrosophic groups, which paves way for more definitions. We
have heard about torsion elements and torsion free elements of a
group.
We in this book recall the definition of neutrosophic
element and neutrosophic free element of a neutrosophic group,
which will be used in characterizing zero divisors in case of
neutrosophic group rings, and neutrosophic group neutrosophic
rings.
DEFINITION 1.1.6: Let N(G) be a neutrosophic group. An
element x ∈ N(G) is said to be a neutrosophic element if there
exists a positive integer n such that xn = I, if for any y a
neutrosophic element no such n exists then we call y to be a
neutrosophic free element.
We illustrate these by the following examples:
Example 1.1.7: Let N(G) = {1, 2, 3, 4, 5, 6, I, 2I, 3I, 4I, 5I, 6I}
be a neutrosophic group under multiplication modulo 7. We
have (3I)6 = I, (4I)3 = I (6I)2 = I, I2 = I, (2I)6 = I, (5I)6 = I. In this
neutrosophic group all elements are either torsion elements or
neutrosophic elements.
Example 1.1.8: Let us now consider the set {1, 2, 3, 4, I, 2I, 3I,
4I, 1 + I, 2 + I, 3 + I, 4 + I, 1 + 2I, 1 + 3I, 1 + 4I, 2 + 2I, 2 + 3I,
2 + 4I, 3 + 2I, 3 + 3I, 3 + 4I, 4 + 2I, 4 + 3I, 4 + 4I}. This is a
neutrosophic group under addition modulo 5. For {1, 2, 3, 4} =
Z5 \ {0} is group under addition modulo 5.
DEFINITION 1.1.7: Let N(G) be a neutrosophic group under
multiplication. Let x ∈ N(G) be a neutrosophic element such
that xm = 1 then x is called the pseudo neutrosophic torsion
element of N(G).
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In the above example we have given several pseudo
neutrosophic torsion elements of N(G).
Now we proceed on to define Cauchy neutrosophic elements of
a neutrosophic group N(G).
DEFINITION 1.1.8: Let N(G) be a finite neutrosophic group. Let
x ∈ N(G), if x is a torsion element say xm = 1 and if m/o N(G))
we call x a Cauchy element of N(G); if x is a neutrosophic
element and xt = I with t / o(N(G)), we call x a Cauchy
neutrosophic element of N(G). If all torsion elements of N(G)
are Cauchy we call N(G) as a Cauchy neutrosophic group. If
every neutrosophic element is a neutrosophic Cauchy element
then we call the neutrosophic group to be a Cauchy
neutrosophic, neutrosophic group.
We now illustrate these concepts by the following examples:
Example 1.1.9: Let N(G) = {0, 1, 2, 3, 4, I, 2I, 3I, 4I} be a
neutrosophic group under multiplication modulo 5. {1, 2, 3, 4}
is a group under multiplication modulo 5. Now we see o (N (G))
= 9, 42 ≡ 1 (mod 5) 2 /\ 9 similarly (3I)4 = I but 4 /\ 9. Thus
none of these elements are Cauchy elements or Cauchy
neutrosophic Cauchy elements of N(G).
Now we give yet another example.
Example 1.1.10: Let N(G) be a neutrosophic group of finite
order 4 where N(G) = {1, 2, I, 2I} group under multiplication
modulo 3. Clearly every element in N(G) is either a Cauchy
neutrosophic element or a Cauchy element.
Thus we give yet another definition.
DEFINITION 1.1.9: Let N(G) be a neutrosophic group. If every
element in N(G) is either a Cauchy neutrosophic element of
N(G) or a Cauchy element of N(G) then we call N(G) a strong
Cauchy neutrosophic group.
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The above example is an instance of a strong Cauchy
neutrosophic group. Now we proceed on to define the notion of
p-Sylow neutrosophic subgroup, Sylow neutrosophic group,
weak Sylow neutrosophic group and Sylow free neutrosophic
group.
DEFINITION 1.1.10: Let N(G) be a finite neutrosophic group. If
for a prime p, pα / o(N(G)) and pα+1 /\ o(N(G)), N(G) has a
neutrosophic subgroup P of order pα then we call P a p-Sylow
neutrosophic subgroup of N(G).
Now if for every prime p such that pα / o(N(G)) and pα+1 /\
o(N(G)) we have an associated p-Sylow neutrosophic subgroup
then we call N(G) a Sylow neutrosophic group.
If N(G) has atleast one p-Sylow neutrosophic subgroup then
we call N(G) a weakly Sylow neutrosophic group. If N(G) has
no p-Sylow neutrosophic subgroup then we call N(G) a Sylow
free neutrosophic group.
Now unlike in groups we have to speak about Sylow notion
associated with pseudo neutrosophic groups.
DEFINITION 1.1.11: Let N(G) be a finite neutrosophic group.
Let P be a pseudo neutrosophic subgroup of N (G) such that
o(P) = pα where pα / o (N(G)) and pα+1 /\ o(N(G)), p a prime,
then we call P to be a p-Sylow pseudo neutrosophic subgroup of
N(G).
If for a prime p we have a pseudo neutrosophic subgroup P
such that o(P) = pα where pα / o(N(G)) and pα+1 /\ o(N(G)),
then we call P to be p-Sylow pseudo neutrosophic subgroup of
N(G). If for every prime p such that pα / o(N(G)) and pα+1 /\
o(N(G)), we have a p-Sylow pseudo neutrosophic subgroup then
we call N(G) a Sylow pseudo neutrosophic group.
If on the other hand N(G) has atleast one p-Sylow pseudo
neutrosophic subgroup then we call N(G) a weak Sylow pseudo
neutrosophic group. If N(G) has no p-Sylow pseudo
neutrosophic subgroup then we call N(G) a free Sylow pseudo
neutrosophic group.
Now we proceed on to define neutrosophic normal subgroup.
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DEFINITION 1.1.12: Let N(G) be a neutrosophic group. Let P
and K be any two neutrosophic subgroups of N(G). We say P
and K are neutrosophic conjugate if we can find x, y ∈ N(G)
with x P = K y.
We illustrate this by the following example:
Example 1.1.11: Let N(G) = {0, 1, 2, 3, 4, 5, I, 2I, 3I, 4I, 5I, 1 +
I, 2 + I, 3 + I, …, 5 + 5I} be a neutrosophic group under
addition modulo 6. P = {0, 3, 3I, 3+3I} is a neutrosophic
subgroup of N(G). K = {0, 2, 4, 2 + 2I, 4 + 4I, 2I, 4I} is a
neutrosophic subgroup of N(G). For 2, 3 in N(G) we have 2P =
3K = {0}. So P and K are neutrosophic conjugate.
Thus in case of neutrosophic conjugate subgroups K and P
we do not demand o(K) = o(P).
Now we proceed on to define neutrosophic normal
subgroups.
DEFINITION 1.1.13: Let N(G) be a neutrosophic group. We say
a neutrosophic subgroup H of N(G) is normal if we can find x
and y in N(G) such that H = xHy for all x, y ∈ N(G) (Note x = y
or y = x–1 can also occur).
Example 1.1.12: Let N(G) be a neutrosophic group given by
N(G) = {0, 1, 2, 3, 4, 5, 6, 7, I, 2I, 3I, 4I, 5I, 6I, 7I} be a
neutrosophic group under multiplication modulo 8.
H = {1, 7, I, 7I} is a neutrosophic subgroup of N(G). For no
x, y ∈ N(G), xHy = H so H is not normal in N(G).
DEFINITION 1.1.14: A neutrosophic group N(G) which has no
nontrivial neutrosophic normal subgroups is called a simple
neutrosophic group.
Now we define pseudo simple neutrosophic groups.
DEFINITION 1.1.15: Let N(G) be a neutrosophic group. A
proper pseudo neutrosophic subgroup P of N(G) is said to be
normal if we have P = xPy for all x, y ∈ N(G). A neutrosophic
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group is said to be pseudo simple neutrosophic group if N(G)
has no nontrivial pseudo normal subgroups.
We do not know whether there exists any relation between
pseudo simple neutrosophic groups and simple neutrosophic
groups.
Now we proceed on to define the notion of right (left) coset
for both the types of subgroups.
DEFINITION 1.1.16: Let N(G) be a neutrosophic group. H be a
neutrosophic subgroup of N(G) for n ∈ N(G), then H n = {hn / h
∈ H} is called a right coset of H in G.
Similarly we can define left coset of the neutrosophic subgroup
H in G.
It is important to note that as in case of groups we cannot
speak of the properties of neutrosophic groups as we cannot find
inverse for every x ∈ N (G).
So we make some modification before which we illustrate
these concepts by the following examples:
Example 1.1.13: Let N(G) = {1, 2, 3, 4, I, 2I, 3I, 4I} be a
neutrosophic group under multiplication modulo 5. Let H = {1,
4, I, 4 I} be a neutrosophic subgroup of N(G). The right cosets
of H are as follows:
H.2
H.3
H.1
H. I
H.2 I

=
=
=
=
=

{2, 3, 2I, 3I},
{3, 2, 3I, 2I},
H4
=
{I 4I}
=
{2I, 3I}
=

{1, 4, I, 4I},
H. 4I,
H 3I = {3I, 2I}.

Therefore the classes are
[2]
[1]
[I]
[2I]

=
=
=
=

[3]
[4]
[4I]
[3I]

=
=
=
=
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{2, 3, 2I, 3I}
H = {1, 4, I 4I}
R {I, 4I}
{3I, 2I}.

Now we are yet to know whether they will partition N(G) for
we see here the cosets do not partition the neutrosophic group.
That is why we had problems with Lagrange theorem so
only we defined the notion of Lagrange neutrosophic group.
We give yet another example before which we define the
concept of commutative neutrosophic group.
DEFINITION 1.1.17: Let N(G) be a neutrosophic group. We say
N(G) is a commutative neutrosophic group if for every pair a, b
∈ N(G), a b = b a.
We have seen several examples of commutative neutrosophic
groups. So now we give an example of a non-commutative
neutrosophic group.
Example 1.1.14: Let

⎫⎪
⎪⎧⎛ a b ⎞
N(G) = ⎨⎜
⎟ | a, b, c, d ∈{0, 1, 2, I, 2I}⎬ .
⎩⎪⎝ c d ⎠
⎭⎪
N(G) under matrix multiplication modulo 3 is a neutrosophic
group which is non commutative.
We now give yet another example of cosets in neutrosophic
groups.
Example 1.1.15: Let N(G) = {0, 1, 2, I, 2I, 1 + I, 1 + 2I, 2 + I, 2
+ 2I} be a neutrosophic group under multiplication modulo 3.
Consider P = {1, 2, I, 2I}. ⊂ N(G); P is a neutrosophic
subgroup.

P. 0
P. 1
P. I
P (1 + I)
P (2 + I)

=
=
=
=
=
=
=

{0}
{1, 2, I, 2I}
P2
{I 2I}
P. 2I
{1 + I, 2 + 2I, 2I, I}
{2 + I, 1 + 2I, 0}
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P (1 + 2I)
P (2 + 2I)

=
=
=
=

{1 + 2I, 2 + I, 0}
P (2 + I)
{2 + 2I, 1 + I, I, 2I}
P (1 + I).

We see the coset does not partition the neutrosophic group.
Now using the concept of pseudo neutrosophic subgroup we
define pseudo coset.
DEFINITION 1.1.18: Let N(G) be a neutrosophic group. K be a
pseudo neutrosophic subgroup of N(G). Then for a ∈ N(G), Ka
= {ka | k ∈ K} is called the pseudo right coset of K in N(G).

On similar lines we define the notion of pseudo left coset of a
pseudo neutrosophic subgroup K of N (G). We illustrate this by
the following example:
Example 1.1.16: Let N (G) = {0, 1, I, 2, 2I, 1 + I, 1 + 2I, 2 + I, 2
+ 2I} be a neutrosophic group under multiplication modulo 3.
Take K = {1, 1 + I}, a pseudo neutrosophic group.
Now we will study the cosets of K . K . 0 = {0}.

K1
K (1 + I)
K2
K. I
K 2I

=
=
=
=
=
=
K (1 + 2I) =
K (2 + I) =
K (2 + 2I) =
=

{1, 1 + I}
{1 + I}
{2, 2 + 2I}
{I, 2I}
{2I, I}
K. I.
{1 + 2I}
{2 + I}
{2 +2I, 2}
K.2.

We see even the pseudo neutrosophic subgroups do not in
general partition the neutrosophic group which is evident from
the example.
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Now we proceed on to define the concept of center of a
neutrosophic group.
DEFINITION 1.1.19: Let N(G) be a neutrosophic group, the
center of N(G) denoted by C(N(G)) = {x ∈ N(G) | ax = xa for
all a ∈ N(G)}.
Note: Clearly C(N(G)) ≠ φ for the identity of the neutrosophic
group belongs to C(N(G)). Also if N(G) is a commutative
neutrosophic group then C(N(G)) = N(G). As in case of groups
we can define in case of neutrosophic groups also direct product
of neutrosophic groups N(G).
DEFINITION 1.1.20: Let N(G1), N(G2), …, N(Gn) be n
neutrosophic groups the direct product of the n-neutrosophic
groups is denoted by N(G) = N(G1) × … × N(Gn) = {(g1, g2, …,
gn) | gi ∈ N(Gi); i = 1, 2,…, n}.

N(G) is a neutrosophic group for the binary operation defined is
component wise; for if *1, *2, …, *n are the binary operations on
N(G1), …, N(Gn) respectively then for X = (x1, …, xn) and Y =
(y1, y2, …, yn) in N(G), X * Y = (x1, …, xn) * (y1, …, yn) =
(x1*y1, …, xn*yn) = (t1, …, tn) ∈ N(G) thus closure axiom is
satisfied. We see if e = (e1, …, en) is the identity element where
each ei is the identity element of N(Gi); 1 ≤ i ≤ n then X * e =
e * X = X.
It is left as a matter of routine for the reader to check N(G)
is a neutrosophic group. Thus we see that the concept of direct
product of neutrosophic group helps us in obtaining more and
more neutrosophic groups.
Note: It is important and interesting to note that if we take in
N(Gi), 1 ≤ i ≤ n. some N(Gi) to be just groups still we continue
to obtain neutrosophic groups.
We now give some examples as illustrations.
Example 1.1.17: Let N(G1) = {0, 1, I, 1 + I} and G2 = {g | g3 =
1}. N(G) = N(G1) × G2 = {(0, g) (0, 1) (0, g2) (1, g) (1, 1) (1, g2)
(I, g) (1 g2) (I, 1) (1 + I, 1) (1 + I, g) ( 1 + I, g2)} is a
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neutrosophic group of order 12. Clearly {(1, 1), (1, g), (1, g2)} is
the group in N(G).
Now several other properties, which we have left out, can
be defined appropriately.
Note: We can also define independently the notion of pseudo
neutrosophic group as a neutrosophic group, which has no
proper subset, which is a group, but the pseudo neutrosophic
group itself is a group. We can give examples of them, the main
difference between a pseudo neutrosophic group and a
neutrosophic group is that a pseudo neutrosophic group is a
group but a neutrosophic group is not a group in general but
only contains a proper subset, which is a group.

Now we give an example of a pseudo neutrosophic group.
Example 1.1.18: Consider the set N(G) = {1, 1 + I} under the
operation multiplication modulo 3. {1, 1 + I} is a group called
the pseudo neutrosophic group for this is evident from the table.

*

1

1+I

1

1

1+I

1+I

1+I

1

Clearly {1, 1 + I} is group but has no proper subset which is a
group. Also this pseudo neutrosophic group can be realized as a
cyclic group of order 2.
For more about these concepts please refer [142-3].
1.2 Neutrosophic Semigroups

In this section we recall the notion of neutrosophic semigroups.
The notion of neutrosophic subsemigroups, neutrosophic ideals,
neutrosophic Lagrange semigroups etc. are introduced just for
the sake of completeness. We illustrate them with examples and
give some of its properties.

20

DEFINITION 1.2.1: Let S be a semigroup, the semigroup
generated by S and I i.e. S ∪ I denoted by 〈 S ∪ I〉 is defined to
be a neutrosophic semigroup.

It is interesting to note that all neutrosophic semigroups contain
a proper subset, which is a semigroup.
Example 1.2.1: Let Z12 = {0, 1, 2, …, 11} be a semigroup under
multiplication modulo 12. Let N(S) = 〈Z12 ∪ I〉 be the
neutrosophic semigroup. Clearly Z12 ⊂ 〈Z12 ∪ I〉 and Z12 is a
semigroup under multiplication modulo 12.
Example 1.2.2: Let Z = {the set of positive and negative
integers with zero}, Z is only a semigroup under multiplication.
Let N(S) = {〈Z ∪ I〉} be the neutrosophic semigroup under
multiplication. Clearly Z ⊂ N(S) is a semigroup.

Now we proceed on to define the notion of the order of a
neutrosophic semigroup.
DEFINITION 1.2.2: Let N(S) be a neutrosophic semigroup. The
number of distinct elements in N(S) is called the order of N(S),
denoted by o(N(S)).

If the number of elements in the neutrosophic semigroup N(S) is
finite we call the neutrosophic semigroup to be finite otherwise
infinite. The neutrosophic semigroup given in example 1.2.1 is
finite where as the neutrosophic semigroup given in example
1.2.2 is of infinite order.
Now we proceed on to define the notion of neutrosophic
subsemigroup of a neutrosophic semigroup N(S).
DEFINITION 1.2.3: Let N(S) be a neutrosophic semigroup. A
proper subset P of N(S) is said to be a neutrosophic
subsemigroup, if P is a neutrosophic semigroup under the
operations of N (S). A neutrosophic semigroup N(S) is said to
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have a subsemigroup if N(S) has a proper subset, which is a
semigroup under the operations of N(S).

It is interesting to note a neutrosophic semigroup may or may
not have a neutrosophic subsemigroup but it will always have a
subsemigroup.
Now we proceed on to illustrate these by the following
examples:
Example 1.2.3: Let Z+ ∪ {0} denote the set of positive integers
together with zero. {Z+ ∪ {0}, +} is a semigroup under the
binary operation ‘+’. Now let N(S) = 〈Z+ ∪ {0}+ ∪ {I}〉. N(S) is
a neutrosophic semigroup under ‘+’. Consider 〈2Z+ ∪ I〉 = P, P
is a neutrosophic subsemigroup of N(S). Take R = 〈3Z+ ∪ I〉; R
is also a neutrosophic subsemigroup of N(S).

Now we have the following interesting theorem:
THEOREM 1.2.1: Let N(S) be a neutrosophic semigroup.
Suppose P1 and P2 be any two neutrosophic subsemigroups of
N(S) then P1 ∪ P2 (i.e. the union) the union of two neutrosophic
subsemigroups in general need not be a neutrosophic
subsemigroup.
Proof: We prove this by using the following example. Let Z+ be
the set of positive integers; Z+ under ‘+’ is a semigroup.
Let N(S) = 〈Z+ ∪ I〉 be the neutrosophic semigroup under
‘+’. Take P1 = {〈2Z ∪ I〉} and P2 = {〈5Z ∪ I 〉} to be any two
neutrosophic subsemigroups of N(S). Consider P1 ∪ P2 we see
P1 ∪ P2 is only a subset of N (S) for P1 ∪ P2 is not closed under
the binary operation ‘+’. For take 2 + 4I ∈ P1 and 5 + 5I ∈ P2.
Clearly (2 + 5) + (4I + 5I) = 7 + 9I ∉ P1 ∪ P2. Hence the claim.
We proved the theorem 1.2.1 mainly to show that we can
give a nice algebraic structure to P1 ∪ P2 viz. neutrosophic
bisemigroup.
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Now we proceed on to define the notion of neutrosophic
monoid.
DEFINITION 1.2.4: A neutrosophic semigroup N(S) which has
an element e in N(S) such that e * s = s * e = s for all s ∈ N(S),
is called as a neutrosophic monoid.

It is interesting to note that in general all neutrosophic
semigroups need not be neutrosophic monoids.
We illustrate this by an example.
Example 1.2.4: Let N(S) = 〈Z+ ∪ I〉 be the neutrosophic
semigroup under ‘+’. Clearly N(S) contains no e such that s + e
= e + s = s for all s ∈ N(S). So N(S) is just a neutrosophic
semigroup and not a neutrosophic monoid.

Now we give an example of a neutrosophic monoid.
Example 1.2.5: Let N(S) = 〈Z+ ∪ I〉 be a neutrosophic
semigroup generated under ‘×’. Clearly 1 in N(S) is such that 1
× s = s for all s ∈ N(S). So N(S) is a neutrosophic monoid.

It is still interesting to note the following:
1. From the examples 1.2.4 and 1.2.5 we have taken the
same set 〈Z+ ∪ I〉 with respect the binary operation ‘+’,
〈Z+ ∪ I〉 is only a neutrosophic semigroup but 〈 Z+ ∪ I〉
under the binary operation × is a neutrosophic monoid.
2. In general all neutrosophic monoids need not have its
neutrosophic subsemigroups to be neutrosophic
submonoids.
First to this end we define the notion of neutrosophic
submonoid.
DEFINITION 1.2.5: Let N(S) be a neutrosophic monoid under
the binary operation *. Suppose e is the identity in N(S), that is
s * e = e * s = s for all s ∈ N(S). We call a proper subset P of
N(S) to be a neutrosophic submonoid if
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1.
2.

P is a neutrosophic semigroup under ‘*’.
e ∈ P, i.e., P is a monoid under ‘*’.

Example 1.2.6: Let N(S) = 〈Z ∪ I〉 be a neutrosophic semigroup
under ‘+’. N(S) is a monoid. P = 〈2Z+ ∪ I〉 is just a neutrosophic
subsemigroup whereas T = 〈2Z ∪ I〉 is a neutrosophic
submonoid. Thus a neutrosophic monoid can have both
neutrosophic subsemigroups, which are different from the
neutrosophic submonoids.

Now we proceed on to define the notion of neutrosophic ideals
of a neutrosophic semigroup.
DEFINITION 1.2.6: Let N(S) be a neutrosophic semigroup under
a binary operation *. P be a proper subset of N(S). P is said to
be a neutrosophic ideal of N(S) if the following conditions are
satisfied.
1.
P is a neutrosophic semigroup.
2.
for all p ∈ P and for all s ∈ N(S) we have p * s and s *
p are in P.
Note: One can as in case of semigroups define the notion of
neutrosophic right ideal and neutrosophic left ideal. A
neutrosophic ideal is one, which is both a neutrosophic right
ideal, and a neutrosophic left ideal. In general a neutrosophic
right ideal need not be a neutrosophic left ideal.

Now we proceed on to give example to illustrate these notions.
Example 1.2.7: Let N(S) = 〈Z ∪ I〉 be the neutrosophic
semigroup under multiplication.
Take P to be a proper subset of N(S) where P = 〈2Z ∪ I〉.
Clearly P is a neutrosophic ideal of N(S). Since N(S) is a
commutative neutrosophic semigroup we have P to be a
neutrosophic ideal.
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Note: A neutrosophic semigroup N(S) under the binary
operation * is said to be a neutrosophic commutative semigroup
if a * b = b * a for all a, b ∈ N(S).

⎪⎧⎛ a b ⎞
Example 1.2.8: Let N(S) = ⎨⎜
⎟ / a, b, c, d, ∈ 〈Z ∪ I〉} be a
⎪⎩⎝ c d ⎠
neutrosophic semigroup under matrix multiplication. Take
⎪⎧⎛ x y ⎞
P = ⎨⎜
⎟ / x, y ∈ 〈Z ∪ I〉}.
⎪⎩⎝ 0 0 ⎠
Clearly

⎛a b⎞ ⎛ x y⎞
⎜
⎟⎜
⎟∉ P ;
⎝c d⎠ ⎝ 0 0⎠
but

⎛ x y⎞ ⎛a b⎞
⎜
⎟ ⎜
⎟ ∈ P.
⎝ 0 0⎠ ⎝c d⎠
Thus P is only a neutrosophic right ideal and not a neutrosophic
left ideal of N(S).
Now we proceed on to define the notion of neutrosophic
maximal ideal and neutrosophic minimal ideal of a neutrosophic
semigroup N(S).
DEFINITION 1.2.7: Let N(S) be a neutrosophic semigroup. A
neutrosophic ideal P of N(S) is said to be maximal if P ⊂ J ⊂
N(S), J a neutrosophic ideal then either J = P or J = N(S). A
neutrosophic ideal M of N(S) is said to be minimal if φ ≠ T ⊆ M
⊆ N(S) then T = M or T = φ.

We cannot always define the notion of neutrosophic cyclic
semigroup but we can always define the notion of neutrosophic
cyclic ideal of a neutrosophic semigroup N(S).
DEFINITION 1.2.8: Let N(S) be a neutrosophic semigroup. P be
a neutrosophic ideal of N (S), P is said to be a neutrosophic
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cyclic ideal or neutrosophic principal ideal if P can be
generated by a single element.

We proceed on to define the notion of neutrosophic symmetric
semigroup.
DEFINITION 1.2.9: Let S(N) be the neutrosophic semigroup. If
S(N) contains a subsemigroup isomorphic to S(n) i.e. the
semigroup of all mappings of the set (1, 2, 3, …, n) to itself
under the composition of mappings, for a suitable n then we call
S (N) the neutrosophic symmetric semigroup.
Remark: We cannot demand the subsemigroup to be
neutrosophic, it is only a subsemigroup.
DEFINITION 1.2.10: Let N(S) be a neutrosophic semigroup.
N(S) is said to be a neutrosophic idempotent semigroup if every
element in N (S) is an idempotent.
Example 1.2.9: Consider the neutrosophic semigroup under
multiplication modulo 2, where N (S) = {0, 1, I, 1 + I}. We see
every element is an idempotent so N (S) is a neutrosophic
idempotent semigroup.

Next we proceed on to define the notion of weakly neutrosophic
idempotent semigroup.
DEFINITION 1.2.11: Let N(S) be a neutrosophic semigroup. If
N(S) has a proper subset P where P is a neutrosophic
subsemigroup in which every element is an idempotent then we
call P a neutrosophic idempotent subsemigroup.
If N(S) has at least one neutrosophic idempotent
subsemigroup then we call N(S) a weakly neutrosophic
idempotent semigroup.

We illustrate this by the following example:
Example 1.2.10: Let N(S) = {0, 2, 1, I, 2I, 1 + I, 2 + 2 I, 1 + 2I,
2 + I} be the neutrosophic semigroup under multiplication
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modulo 3. Take P = {1, I, 1 + 2I, 0}; P is a neutrosophic
idempotent subsemigroup. So N(S) is only a weakly
neutrosophic idempotent semigroup. Clearly N(S) is not a
neutrosophic idempotent semigroup as (1 + I)2 = 1 which is not
an idempotent of N(S).
DEFINITION 1.2.12: Let N(S) be a neutrosophic semigroup
(monoid). An element x ∈ N(S) is called an element of finite
order if xm = e where e is the identity element in N(S) i.e. (se =
es = s for all s ∈ S ) (m the smallest such integer).
DEFINITION 1.2.13: Let N (S) be a neutrosophic semigroup
(monoid) with zero. An element 0 ≠ x ∈ N(S) of a neutrosophic
semigroup is said to be a zero divisor if there exist 0 ≠ y ∈ N(S)
with x . y = 0. An element x ∈ N(S) is said to be invertible if
there exist y ∈ N(S) such that xy = yx = e (e ∈ N(S), is such that
se = es = s for all s ∈ N(S)).
Example 1.2.11: Let N (S) = {0, 1, 2, I, 2I, 1 + I, 2 + I, 1 + 2I, 2
+ 2I} be a neutrosophic semigroup under multiplication modulo
3. Clearly (1 + I) ∈ N (S) is invertible for (1 + I) (1 + I) = 1
(mod 3). (2 + 2I) is invertible for (2 + 2I)2 = 1 (mod 3). N(S)
also has zero divisors for (2 + I) I = 2I + I = 0(mod 3). Also (2 +
I ) 2 I = 0 (mod 3) is a zero divisor.

Thus this neutrosophic semigroup has idempotents, units and
zero divisors. For more about neutrosophic semigroups please
refer [142-3].
1.3 Neutrosophic Fields

In this section we just recall the definition of neutrosophic fields
for they are used in the construction of neutrosophic rings like
neutrosophic group rings, neutrosophic semigroup rings.
DEFINITION 1.3.1: Let K be the field of reals. We call the field
generated by K ∪ I to be the neutrosophic field for it involves
the indeterminacy factor in it. We define I 2 = I, I + I = 2I i.e., I
27

+…+ I = nI, and if k ∈ K then k.I = kI, 0I = 0. We denote the
neutrosophic field by K(I) which is generated by K ∪ I that is
K(I) = 〈K ∪ I〉. 〈K ∪ I〉 denotes the field generated by K and I.
Example 1.3.1: Let R be the field of reals. The neutrosophic
field of reals is generated by R and I denoted by 〈R ∪ I〉 i.e. R(I)
clearly R ⊂ 〈R ∪ I〉.
Example 1.3.2: Let Q be the field of rationals. The neutrosophic
field of rationals is generated by Q and I denoted by Q(I).
DEFINITION 1.3.2: Let K(I) be a neutrosophic field we say K(I)
is a prime neutrosophic field if K(I) has no proper subfield,
which is a neutrosophic field.
Example 1.3.3: Q(I) is a prime neutrosophic field where as R(I)
is not a prime neutrosophic field for Q(I) ⊂ R (I).

Likewise we can define neutrosophic subfield.
DEFINITION 1.3.3: Let K(I) be a neutrosophic field, P ⊂ K(I) is
a neutrosophic subfield of P if P itself is a neutrosophic field.
K(I) will also be called as the extension neutrosophic field of
the neutrosophic field P.

We can also define neutrosophic fields of prime characteristic p
(p is a prime).
DEFINITION 1.3.4: Let Zp = {0,1, 2, …, p – 1} be the prime field
of characteristic p. 〈Zp ∪ I〉 is defined to be the neutrosophic
field of characteristic p. Infact 〈Zp ∪ I〉 is generated by Zp and I
and 〈Zp ∪ I〉 is a prime neutrosophic field of characteristic p.
Example 1.3.4: Z7 = {0, 1, 2, 3, …, 6} be the prime field of
characteristic 7. 〈Z7 ∪ I〉 = {0, 1, 2, …, 6, I, 2I, …, 6I, 1 + I, 1 +
2I, …, 6 + 6I } is the prime field of characteristic 7.
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Chapter Two

NEUTROSOPHIC RINGS AND
THEIR PROPERTIES

In this book the authors for the first time define the new notion
of neutrosophic rings. This chapter has two sections. In the first
section we introduce the notion of neutrosophic rings and their
substructures like ideals and subrings. Section two introduces
several types of neutrosophic rings.
2.1 Neutrosophic Rings and their Substructures

In this section we define the new notion called neutrosophic
rings. Just as complex rings or complex fields include in them
the notion of imaginary element i with i2 = –1 or the complex
number i, in the neutrosophic rings we include the indeterminate
element I where I2 = I. In most of the real world problems or in
situations we see in general we cannot always predict the
occurrence or non occurrence of an event, the occurrence or the
non occurrence may be an indeterminate so we introduce the
neutrosophic rings which can very easily cater to such
situations. In many a cases we felt the concept of indeterminacy
was more concrete than the notion of ‘imaginary’ so we have
ventured to define neutrosophic algebraic concepts.
Throughout this section Z+ will denote the set of positive
integers, Z- the set of negative integers, Z the set of positive and
negative integers with zero. Z+ ∪ {0} will show we have
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adjoined 0 with Z+. Like wise the rationals Q, the reals R, the
complex number C can have one part of it denoted by Q+,
Q–, R+, R– and so on.
Also Zn will denote the set of modulo integers i.e. {0, 1, 2,
…, n – 1} i.e. n ≡ 0 (mod n).
Now we proceed on to define the neutrosophic ring.
DEFINITION 2.1.1: Let R be any ring. The neutrosophic ring 〈R
∪ I〉 is also a ring generated by R and I under the operations of
R.

We first illustrate this by some examples.
Example 2.1.1: Let Z be the ring of integers; 〈Z ∪ I〉 = {a + bI /
a, b ∈ Z}. 〈Z ∪ I〉 is a ring called the neutrosophic ring of
integers. Also Z ⊆ 〈Z ∪ I〉.
≠

Example 2.1.2: Let Q be the ring of rationals. 〈Q ∪ I〉 = {r + sI |
r, s ∈ Q} is the ring called the neutrosophic ring of rationals.

It is important to note that though Q is the field, 〈Q ∪ I〉
neutrosophic ring of rationals is not a field it is only a ring for I2
= I and I has no inverse, yet we call it the neutrosophic field of
rationals.
Example 2.1.3: Let ℜ be the ring of reals, 〈ℜ ∪ I〉 is the
neutrosophic ring called the neutrosophic ring of reals. Here
also 〈ℜ ∪ I〉 is only a ring and not a field yet we call it the
neutrosophic field of reals.
Example 2.1.4: Let C be the complex field, 〈C ∪ I〉 is the
neutrosophic ring of complex numbers. 〈C ∪ I〉 is not a field. 〈C
∪ I〉 is called the complex neutrosophic ring, but we call it the
neutrosophic field of complex numbers.
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Example 2.1.5: Let Zn = {0, 1, 2, …, n – 1} be the ring of
integers modulo n. 〈Zn ∪ I〉 is the neutrosophic ring of modulo
integers n.
Example 2.1.6: Let Z2 = {0, 1} be the ring of integers modulo
2. 〈Z2 ∪ I〉 = {0, 1, I, 1 + I} is the neutrosophic ring. Clearly 〈Z2
∪ I〉 is not the field of prime characteristic two. It is only a
neutrosophic field of characteristic 2.

This notion will be dealt in this book in due course of time.
DEFINITION 2.1.2: Let 〈R ∪ I〉 be a neutrosophic ring. We say
〈R ∪ I〉 is a neutrosophic ring of characteristic zero if nx = 0 (n
an integer) for all x ∈ 〈R ∪ I〉 is possible only if n = 0, then we
call the neutrosophic ring to be a neutrosophic ring of
characteristic zero.
If in the neutrosophic ring 〈R ∪ I〉, nx = 0 (n an integer) for
all x ∈ 〈R ∪ I〉, then we say the neutrosophic ring 〈R ∪ I〉 is of
characteristic n and n is called the characteristic of the
neutrosophic ring 〈R ∪ I〉.

It is pertinent to mention n can be a prime or a composite
number. We will first illustrate these by the following examples:
Example 2.1.7: Let 〈Q ∪ I〉 be the neutrosophic ring of
rationals. 〈Q ∪ I〉 is the neutrosophic ring of characteristic zero.
Example 2.1.8: Consider 〈C ∪ I〉 the neutrosophic ring of
complex numbers. 〈C ∪ I〉 is the neutrosophic ring of
characteristic zero.
Note: We can use the term neutrosophic ring for the
neutrosophic field also as every field is a ring.
Example 2.1.9: Consider the neutrosophic ring 〈Z4 ∪ I〉 = {0, 1,
2, 3, I, 2I, 3I, 1 + I, 2 + I, 3 + I, 2I + 1, 2I + 2, 2I + 3, 3I + 1, 3I
+ 2, 3I + 3}. 〈Z4 ∪ I〉 is a neutrosophic ring of characteristic 4.
(2I + 2) (2I + 2) = 4I2 + 4 + 8I = 4 ([I + 1 + 2I]) ≡ 0 (mod 4).
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We call all neutrosophic rings, which are of finite characteristic
as finite characteristic neutrosophic rings.
Example 2.1.10: Let 〈Z5 ∪ I〉 = {0, 1, 2, 3, 4, I, 2I, 3I, 4I, 1 + I,
2 + I, 3 + I, 4 + I, 2 + 2I, 3 + 2I, 4 + 2I, 3 + 3I, 3 + 4I, 4 + 2I, 4
+ 4I, 3I + 2, 3I + 1, 2I + 1, 4I + 2, 4I + 1}, 〈Z5 ∪ I〉 is a
neutrosophic ring of characteristic five; or we say 〈Z5 ∪ I〉 is a
neutrosophic ring of prime characteristic. All elements in 〈Z5 ∪
I〉 are such that 5 x ≡ 0 (mod 5) for all x ∈ 〈Z5 ∪ I〉.

Having defined the characteristic of a neutrosophic ring we
proceed on to prove every neutrosophic ring is a ring and every
neutrosophic ring contains a proper subset, which is just a ring.
THEOREM 2.1.1: Let 〈R ∪ I〉 be a neutrosophic ring. 〈R ∪ I〉 is
a ring.
Proof: Let 〈R ∪ I〉 be a neutrosophic ring. R is a ring in which
‘+’ and ‘•’ are the binary operations. To show 〈R ∪ I〉 is a ring
we have to prove 〈R ∪ I〉 is an abelian group under ‘+’ and a
semigroup under ‘•’ 〈R ∪ I〉 = {a + bI / a, b ∈ R}. Let a + bI, c
+ dI ∈ 〈R ∪ I〉. To show closure it is enough if we show (a + bI)
+ (c + dI) is in 〈R ∪ I〉.
Consider (a + bI) + (c + dI) = (a + c) + (b + d) I; as a + c
and b + d ∈ R we see (a + bI) + (c + dI) is in 〈R ∪ I〉. Thus
closure axiom under the operation + is satisfied. It is easily
verified (a + bI) + (c + dI) = (c + dI) + (a + bI) as a + c = c + a
and b + d = d + b in R. Thus the binary operation ‘+’ is
commutative on 〈R ∪ I〉.
Since R is ring ‘0’ is its additive identity. Take (a + bI + 0)
= a + 0 + (b + 0) I = a + bI. So ‘0’ is the additive identity of 〈R
∪ I〉. For every a + bI ∈ 〈R ∪ I〉 we have a unique – a + (– b)I in
〈R ∪ I〉 which is such that (a + bI) + (–a + (–b) I) = 0. This
follows from the fact for every a ≠ 0 in R we have a unique –a
in R with a + (–a) = 0. Thus 〈R ∪ I〉 under ‘+’ is an abelian
group.
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To show 〈R ∪ I〉 is ring it is sufficient if we show 〈R ∪ I〉 is
closed with respect to ‘•’ for other properties follow easily.
Take a + bI, c + dI ∈ 〈R ∪ I〉 consider (a + bI) • (c + dI) = ac +
bcI + adI + bdI2 = ac + (bc + ad + bd) I = x + yI ∈ 〈R ∪ I〉
where x = ac and y = bc + ad + bd as x and y are in R. Hence
the claim. Thus 〈R ∪ I〉 is a ring under ‘+’ and ‘•’.
Note: We have proved this mainly to show in general a
neutrosophic ring is a ring; but a neutrosophic group may not
have a group structure. This is a vast difference between these
two algebraic structures.
DEFINITION 2.1.3: Let 〈R ∪ I〉 be a neutrosophic ring. We say
〈R ∪ I〉 is a commutative neutrosophic ring if for all x, y ∈ 〈R ∪
I〉 we must have x y = y x. If even for a single pair xy ≠ y x we
call the neutrosophic ring to be a non commutative
neutrosophic ring.

We illustrate them by the following example:
Example 2.1.11: Let 〈Q ∪ I〉 be a neutrosophic ring. 〈Q ∪ I〉 is a
commutative ring of characteristic zero.

⎧⎪ ⎡ a b ⎤
⎫⎪
/ a, b, c, d ∈ 〈 Q ∪ I〉 ⎬
Example 2.1.12: Let 〈R ∪ I〉 = ⎨ ⎢
⎥
⎪⎩ ⎣ c d ⎦
⎪⎭
be the set of all 2 × 2 matrices. 〈R ∪ I〉 is a non commutative
ring of characteristic zero under matrix addition and matrix
multiplication. We say 〈R ∪ I〉 is a neutrosophic ring with unit,
if 1 ∈ 〈R ∪ I〉 is such that 1 x = x. 1 = x for all ∈ 〈R ∪ I〉. All
the neutrosophic rings given as examples are neutrosophic rings
with unit.
Now we go for examples of non-commutative neutrosophic
rings of finite order.
⎧⎪⎛ a b ⎞
Example 2.1.13: Let 〈R ∪ I〉 = ⎨⎜
⎟ | a, b, c, d, ∈ {0, 1, 2,
⎩⎪⎝ c d ⎠
I, 2I, 1 + I, 2 + I, 1 + 2I, 2 + 2I}. 〈R ∪ I〉 is a neutrosophic ring
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under usual matrix addition and multiplication and 〈R ∪ I〉 is a
non commutative neutrosophic ring of finite order.
We will define subrings and ideals of a neutrosophic ring.
DEFINITION 2.1.4: Let 〈R ∪ I〉 be a neutrosophic ring. A proper
subset P of 〈R ∪ I〉 is said to be a neutrosophic subring if P
itself is a neutrosophic ring under the operations of 〈R ∪ I〉. It is
essential that P = 〈S ∪ nI〉, n a positive integer where S is a
subring of R. i.e. {P is generated by the subring S together with
n I. (n ∈ Z+)}.
Note: Even if P is a ring and cannot be represented as 〈S ∪ nI〉
where S is a subring of R then we do not call P a neutrosophic
subring of 〈R ∪ I〉.
Example 2.1.14: Let 〈Z12 ∪ I〉 be a finite neutrosophic ring of
characteristic 12. P = {0, 6, I, 6I, 2I, 3I, 4I, 5I, 7I, 8I, …, 11I, 6
+ I, 6 + 2I, …, 6 + 11I} is a neutrosophic subring of 〈Z12 ∪ I〉 as
S = {0, 6} is a subring of Z12.
So P = 〈S ∪ I〉 is a neutrosophic subring of 〈Z12 ∪ I〉. Take
P1 = {0, 2, 4, 6, 8, 10, 2I, 4I, 6I, 8I, 10I, 2 + 2I, 2 + 4I, …, 2 +
10I, 10 + 2I, …, 10 + 10I} is a neutrosophic subring of 〈Z12 ∪
I〉. Take P2 = {0, 6 + 6I} this is a subring under the operations of
〈Z12 ∪ I〉 but is not a neutrosophic subring.

How to characterize such neutrosophic rings which are not
generated by a ring? To this we define a notion called pseudo
neutrosophic rings.
DEFINITION 2.1.5: Let T be a non empty set with two binary
operations ‘+’ and ‘×’. T is said to be a pseudo neutrosophic
ring if the following conditions are true:
1.
T contains elements of the form x + yI (x, y are reals y ≠
0 for atleast one value).
2.
(T, +) is an abelian group.
3.
(T, ×) is a semigroup.
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4.

t (t1 + t2) = tt1 + tt2 and (t1 + t2) t = tt1 + t2t for all t, t1,
t2 ∈ T.

We do not see any visible relations between a neutrosophic ring
and a pseudo neutrosophic ring.
Example 2.1.15: T = {0, 2I, 4I, 6I, 8I, 10I} is a pseudo
neutrosophic ring under addition modulo 12 and usual
multiplication modulo 12. Clearly T is not a neutrosophic ring.
Example 2.1.16: Take T = {2ZI ∪ 0} = {0, ±2I, ±4I, ±6 I, ±8I,
…, ∞}, T is a pseudo neutrosophic ring which is not a
neutrosophic ring.

One can construct several such examples.
Next we proceed on to define the notion of ideals in a
neutrosophic rings.
DEFINITION 2.1.6: Let 〈R ∪ I〉 be any neutrosophic ring, a non
empty subset P of 〈R ∪ I〉 is defined to be a neutrosophic ideal
of 〈R ∪ I〉 if the following conditions are satisfied;
1. P is a neutrosophic subring of 〈R ∪ I〉.
2. For every p ∈ P and r ∈ 〈R ∪ I〉, rp and pr ∈ P.
Note: The notion of neutrosophic right ideal and neutrosophic
left ideal can also be defined provided 〈R ∪ I〉 is a non
commutative neutrosophic ring.
Example 2.1.17: Let 〈Z12 ∪ I〉 be a neutrosophic ring under ‘+’
and × modulo 12. Let {0, 6, 2I, 4I, 6I, 8I, 10I, 6 + 2I, …, 6 +
10I} be the neutrosophic subring of 〈Z12 ∪ I〉. It is easily
verified 〈Z12 ∪ I〉 is a neutrosophic ideal of 〈Z12 ∪ I〉.

Now we can define the notion of neutrosophic pseudo ideal of
the neutrosophic ring 〈R ∪ I〉.
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DEFINITION 2.1.7: Let 〈R ∪ I〉 be a neutrosophic ring. P a
pseudo neutrosophic subring of R. If for all p ∈ P and r ∈ 〈R ∪
I〉 we have pr, r p ∈ P. Then we call P to be a pseudo
neutrosophic ideal of 〈R ∪ I〉.

We illustrate this by the following example 2.1.18.
Example 2.1.18: Let 〈Z16 ∪ I〉 be a neutrosophic ring of
characteristic 16. Take P = {0, 2I, 4I, 6I, 8I, 10I, 12I, 14I} in
〈Z16 ∪ I〉. P is pseudo neutrosophic subring. In fact P is a pseudo
neutrosophic ideal of 〈Z16 ∪ I〉. o〈Z16 ∪ I〉 = 162.

Now we make the following observations.
Observation 1: Let 〈Zn ∪ I〉 be a neutrosophic ring n < ∞, o(〈Zn
∪ I〉) = n2.
Observation 2: Does the order of the neutrosophic ideal or the
pseudo neutrosophic ideal divide the order of the neutrosophic
ring 〈Zn ∪ I〉; n < ∞.

We just illustrate by some more examples before we propose
some open problems.
Example 2.1.19: Let 〈Z5 ∪ I〉 = {0, 1, 2, 3, 4, I, 2I, 3I, 4I, 1 + I,
2 + I,…, 4 + 3I, 4 + 4I} be a finite neutrosophic ring. Clearly
o(〈Z5 ∪ I〉) = 25. Take {0, I, 2I, 3I, 4I} = P; P is a pseudo
neutrosophic ideal of 〈Z5 ∪ I〉. 〈Z5 ∪ I〉 has no neutrosophic
ideals and has only one pseudo neutrosophic ideal of order 5.
THEOREM 2.1.2: Let 〈Zp ∪ I〉 be a neutrosophic ring, where p is
a prime. o (〈Zp ∪ I〉) = p2.
1.
2.

〈Zp ∪ I〉 has no neutrosophic ideals and
〈Zp ∪ I〉 has only one pseudo neutrosophic ideal of

order p.
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Proof: Given 〈Zp ∪ I〉 is a neutrosophic ring of order p2, p a
prime. To prove 〈Zp ∪ I〉 has no neutrosophic ideals. On the
contrary, suppose 〈Zp ∪ I〉 has a neutrosophic ideal say P; then P
= 〈P1 ∪ I〉, P1 a proper subring of Zp. Since p is a prime, Zp has
no subrings other than {0} and Zp. Hence P = 〈P1 ∪ I〉 is
impossible for any P1 as a subring. Thus 〈Zp ∪ I〉 has no
neutrosophic ideals.
To show 〈Zp ∪ I〉 has only one pseudo neutrosophic ideal.
Take K = {0, I, 2I, 3I, …, (p – 1)I}; K is a pseudo
neutrosophic ideal of 〈Zp ∪ I〉. o(K) = p. Since p is a prime
every element of K \ {0} generates K so K is maximal and
minimal. Hence the claim.

Now we proceed on to give examples of our observations.
Example 2.1.20: Let 〈Z4 ∪ I〉 be a neutrosophic ring of
characteristic 4. 〈Z4 ∪ I〉 = {0, 1, 2, 3, I, 2I, 3I, 1 + I, 1 + 2I, 1 +
3I, 2 + I, 2 + 2I, 2 + 3I, 3 + I, 3 + 2I, 3 + 3I}. (〈Z4 ∪ I〉 has both
neutrosophic ideals and pseudo neutrosophic ideals.
Take P = {0, 2, 2I, 2 + 2I} ⊂ 〈Z4 ∪ I〉, P is a neutrosophic
ideal of 〈Z4 ∪ I〉.
Consider L = {0, I, 2I, 3I} ⊂ 〈Z4 ∪ I〉, L is a pseudo
neutrosophic ideal of 〈Z4 ∪ I〉. Thus 〈Z4 ∪ I〉 has both
neutrosophic ideals and pseudo neutrosophic ideals.
Example 2.1.21: Let 〈Z6 ∪ I〉 = {0, 1, 2, 3, 4, 5, I, 2I, 3I, 4I, 5I,
1 + I, 1 + 2I, 1 + 3I, …, 5 + I, 5 + 2I, 5 + 3I, 5 + 4I, 5 + 5I} be a
neutrosophic ring o (〈Z6 ∪ I〉) = 62.
Take P = {0, 3, 3I, 3 + 3I}, P is a neutrosophic ideal of 〈Z6
∪ I〉.
Let S = {0, I, 2I, 3I, 4I, 5I}, S is a pseudo neutrosophic ideal
of 〈Z6 ∪ I〉. T = {0, 2, 4, 2I, 4I, 4 + 2I, 2 + 2I, 2 + 4I, 4I + 4} ⊂
〈Z6 ∪ I〉; T is a neutrosophic ideal of 〈Z6 ∪ I〉. o(T) = 9 and o(P)
= 3. L = {0, 3, I, 2I, 3I, 4I, 5I 3 + I, 3 + 2I, 3 + 3I, 3 + 4I, 3 + 5I}
is a neutrosophic ideal of 〈Z6 ∪ I〉, o(L) = 12.

Now we define the quotient neutrosophic ring and pseudo
quotient neutrosophic ring.
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DEFINITION 2.1.8 Let 〈R ∪ I〉 be a neutrosophic ring, P be a
neutrosophic ideal of 〈R ∪ I〉. The quotient neutrosophic ring

〈R ∪ I〉
= { a + P |a ∈ 〈 R ∪ I 〉 }
P
〈R ∪ I 〉
provided
is a neutrosophic ring. It is easily verified
P
〈R ∪ I 〉
is a neutrosophic ring with P acting as the
that
P
additive identity.

We illustrate this by the following example:
Example 2.1.22: Let 〈Z ∪ I〉 be a neutrosophic ring. P = 〈3Z ∪
I〉, the neutrosophic ideal of 〈Z ∪ I〉.
The quotient neutrosophic ring

〈 Z ∪ I〉
= {a + P |a ∈ 〈 Z ∪ I〉}
P
= {P, 1 + P, 2 + P, I + P, 2I + P, (1 + I) + P, (2 + I) + P, (1 + 2I)
+ P, (2 + 2I) + P} is a neutrosophic ring.
We give another example.
Example 2.1.23: Let 〈Z12 ∪ I〉 = {0, 1, 2, 3, …, 11, I, 2I, …,
11I, 1 + I, 2+ I, …, 11 + I, …, 11 + 11I} be a neutrosophic ring.
Take P = {0, 6, I, 2I, …, 11I, 1 + 6, …, 11I + 6} be the
neutrosophic ideal of 〈Z12 ∪ I〉.

〈 Z12 ∪ I〉
= {P, 1 + P, 2 + P, …, 5 + P}, the quotient
P
is a ring but is not a neutrosophic ring.
We make a special definition in this case.
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DEFINITION 2.1.9: Let 〈R ∪ I〉 be a neutrosophic ring, P be a
neutrosophic ideal of 〈R ∪ I〉.
〈R ∪ I 〉
is just a ring and not a neutrosophic
If the quotient
P
〈R ∪ I 〉
to be a false neutrosophic quotient
ring then we call
P
ring.

The neutrosophic ring given in example 2.1.23 is only a false
neutrosophic quotient ring.
Example 2.1.24: Let 〈Z12 ∪ I〉 be a neutrosophic ring, J = {0, 2I,
4I, 6I, 8I, 10I} be the pseudo neutrosophic ideal of 〈Z12 ∪ I〉.
〈 Z ∪ I〉
The quotient ring 12
= {J, 1 + J, 2 + J, …, 11 + J, I J,
J
(1 + I) + J, …, (11 + I) + J} is a neutrosophic ring which we call
differently.
DEFINITION 2.1.10: Let 〈R ∪ I〉 be a neutrosophic ring.
Suppose J be a pseudo neutrosophic ideal of 〈R ∪ I〉.
〈R ∪ I 〉
, is a neutrosophic ring then we
If the quotient ring
J
〈R ∪ I 〉
call it as the pseudo quotient neutrosophic ring. If
is
J
just a ring we call it a false pseudo quotient neutrosophic ring.

We just give an example of the same.
Example 2.1.25: Let 〈Z6 ∪ I〉 be a neutrosophic ring. Let P =
{0, I, 2I, 3I, 4I, 5I} be the pseudo neutrosophic ring.
The quotient ring

〈 Z6 ∪ I〉
= {P, 1 + P, 2 + P, 3 + P, 4 + P, 5 + P}
P
is a false pseudo neutrosophic ring.

39

Now we just define one small notion before we proceed to
define some more quotient.
DEFINITION 2.1.11: Let 〈R ∪ I〉 be a neutrosophic ring, P a
proper subset of 〈R ∪ I〉 which is just a ring. Then we call P just
a subring.

It is important to note that we cannot have ideals in 〈R ∪ I〉
which are not neutrosophic. But we have quotient ring which
may not be a neutrosophic ring.
We just illustrate by an example.
Example 2.1.26: Let 〈Z7 ∪ I〉 be a neutrosophic ring.
Take P = {0, I, 2I, 3I, …, 6I};

〈 Z7 ∪ I〉
= {P, 1 + P, 2 + P, 3 P, …, 6 + P}
P
is a false neutrosophic ring isomorphic to Z7.
In view of this we have the following theorem:
THEOREM 2.1.3: Let 〈Zn ∪ I〉 be a neutrosophic ring. 〈Zn ∪ I〉
〈Z ∪ I 〉
≅ Zn .
has a pseudo ideal P such that n
P

Proof: Given 〈Zn ∪ I〉 is a neutrosophic ring. Choose P = {0, I,
2I, …, (n – 2) I, (n – 1)I}, Clearly P is a pseudo neutrosophic
ideal of 〈Zn ∪ I〉 and o(P) = n..
Now the pseudo quotient neutrosophic ring
〈 Zn ∪ I〉
= {P, 1 + P, 2 + P, …, (n – 2) + P, (n –1) + P} ≅ Zn.
P
〈 Zn ∪ I〉
Hence the claim. Further
is only a false neutrosophic
P
quotient ring.
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Example 2.1.27: Let 〈Z10 ∪ I〉 be a neutrosophic ring. Take P =
{0, 5, 5I, 5 + 5I} ⊂ 〈Z10 ∪ I〉; P is an ideal of 〈Z10 ∪ I〉.
〈 Z10 ∪ I〉
= {P, 1 + P, 2 + P, 3 + P, 4 + P, I + P, 2I + P, 3I + P,
P
4I + P, (1 + 4I) + P, + P (1 + I) + P (1 + 3I) + P, (1 + 4I) + P, 2
+ I + P, 2 + 2I + P, 2 + 3I + P, 2 + 4I + P, 3 + I + P, 3 + 2I + P, 3
+ 3I + P, 3 + 4I + P, 4 + I + P, 4 + 2I + P, 4 + 3I + P, 4 + 4I +
⎡ 〈 Z ∪ I〉 ⎤
= 25.
P}, is the neutrosophic quotient ring, o ⎢
⎣ P ⎥⎦

Now we proceed on to define homomorphism of two
neutrosophic rings.
DEFINITION 2.1.12: Let 〈R ∪ I〉 and 〈S ∪ I〉 be any two
neutrosophic rings. A map φ from 〈R ∪ I〉 to 〈S ∪ I〉 is said to be
a neutrosophic ring homomorphism if

1.
2.

φ is a ring homomorphism.
φ(I) = I for I the neutrosophic element of 〈R ∪ I〉 i.e. the
indeterminate ‘-I’ remains as it is.

We can have several examples of such homomorphisms.
(Clearly Ker φ = {x ∈ 〈R ∪ I〉 | φ(x) = 0} is always a subring
which is never a neutrosophic subring. Ker φ can never be an
ideal in a neutrosophic ring.

Now we proceed on to define the notion of some special type of
neutrosophic rings.
2.2 Special Type of Neutrosophic Rings

In this section we introduce several types of neutrosophic rings
and study them. Some of them are commutative some noncommutative, some finite, some finite characteristic but infinite
and some are zero characteristic and infinite. We introduce
neutrosophic polynomial ring, neutrosophic matrix ring,
neutrosophic direct product rings, neutrosophic integral
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domains, neutrosophic unique factorization domains,
neutrosophic division rings, neutrosophic integral quaternions,
neutrosophic ring of real quaternions.
DEFINITION 2.2.1: Let 〈R ∪ I〉 be a commutative ring with unity
1. (i.e. 1 r = r 1 = r for all r ∈ 〈R ∪ I〉 ). x be variate 〈R ∪ I〉
[x], the neutrosophic ring of polynomials in the variable x
consists of the set of symbols.
a0 + a1 x + … + an xn
where n can be any non negative integer and where the
coefficients a0, a1,…, an are all in 〈R ∪ I〉. We call a0 + a1 x + …
+ an xn a neutrosophic polynomial in the variate x. In order to
make (〈R ∪ I〉 [x]) the neutrosophic ring we must be able to
recognize when two elements in it are equal, we must be able to
add and multiply elements of (〈R ∪ I〉 [x]). As in case of
polynomial rings we in case of neutrosophic polynomial rings
also we say when two polynomials are equal. Let

p (x) = a0 + a1 x +…+ am xm and
q (x) = b0 + b1x +…+ bn xn
be in (〈R ∪ I〉 [x]), then p(x) = q(x) if and only if for every
integer i ≥ 0, ai = bi, a0, …, am, bo, b1, …, bn are from 〈R ∪ I〉
and m = n.
Addition of two neutrosophic polynomials is done as in case
of usual polynomials; i.e.
p(x) + q(x) = C0 + C1 + …+ Ct xt
where for each i, Ci = ai + bi. In other words add two
neutrosophic polynomials by adding their coefficients and
collecting terms.
Suppose we want to add 7 + I + (2 – 5I) x and 8 + 3I – (3 +
12I) x + (5 – I) x2. We consider (7 + I) + (2 – 5I) x + (0 + 0I) x2
+ (8 + 3I) – (3 + 12I) x + (5 – I) x2 = 15 + 4I + (–1 + 7I)x +(5
– I)x2.

Now how to define product i.e. multiplication of any two
neutrosophic polynomials in (〈R ∪ I〉 [x]). If
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p(x) = a0 + a1 x + … + am xm and
q(x) = b0 + b1x + … + bn xn,
where p(x), q(x) ∈ (〈R ∪ I〉 [x]) then
p(x) q(x) = C0 + C1 x + … + Ck xk, Ct = at bo + … + a0 bt
here we use I2 = I. Let
p(x)
= (2 – I) + (7 + 5I) x – (8I) x2
q(x)
= (7 + I) + (2 + 5I) x2 + (3 + I) x3
a0
= (2 – I),
a1
= (7 + 5I),
a2
= –8I,
a3 = a4 = …. = 0 and
= 7+I
b0
b1
= 0,
b2
= (2 + 5I)
b3
= 3+I
b4 = b5 =….= 0.
C0

=
=
=
=
=

a0 b0
(2 – I) (7 + I)
14 – 7I + 2I – I2
14 – 5I – I (∵ ) I2 = I
14 – 6I.

C1

=
=
=
=

a1b0 + a0b1
(7 + 5I) (7 + I) + (2 – I).0
49 + 5I2 +35I + 7I + 0
49 + 47I.

C2

=
=
=

a2b0 + a1b1 + a0b2
–8I (7 + I) + (7 + 5I)0 + (2 – I)(2 + 5I)
4 – 68I .

C3

=
=
=
=

a3 b0 + a2 b1 + a1 b2 + a0 b3
0 – 8I (0) + ( 7 + 5 I) ( 2 + 5I) + (2 – I ) (3 + I)
0 – 0 + 14 + 10I + 25I2 + 35I + 6 – I2 – 3I + 2I
20 – 69I.
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C4

=
=
=
=

a4b0 + a3b1 + a2b2 + a1 b3 + a0b4
0b0 + 0b1 + (–8I)(2 + 5I) + (7 + 5I)(3 + I) + (2 – I) 0
– 16I – 40I2 + 21 + 5I2 + 15I + 7I + 0
21 – 29I.

C5

=
=
=

a5b0 + a4b1 + a3b2 + a2b3 + a1 b4 + a0 b5
0b0 + 0b0 + 0b2 + (–8I) (3 + I) + a10 + a0.0.
– 24I2 – 8I (∵ I2 = I).

C5

=

– 32I.

C6

=
=
=

a6b0 + a5b1 + a4b2 + a3b3 + a2b4 + a1b5 + a0 b6
0b0 + 0b1 + 0b2 + 0b3 + (–8I) 0 + (7 + 5I).0 + a0 b6.0
0.

p(x) q(x)

=

(14 – 6I) + (49 + 47I)x + (4 – 61I)x2 + (20 –
68I) x3 + (21 – 29I) x4 – 32I x5.

(〈R ∪ I〉[x]) is a commutative neutrosophic ring with unit
element.
It is left as an exercise for the reader to prove (〈R ∪ I〉 [x]) is a
commutative ring.
THEOREM 2.2.1: Every neutrosophic polynomial ring contains
a polynomial ring.

Proof: Given (〈R ∪ I〉 [x]) is the polynomial neutrosophic ring
where R is a commutative ring with unit; 〈R ∪ I〉 is the
neutrosophic ring generated by R and I; which is again a
commutative ring with unity. Now R[x] ⊆ (〈R ∪ I〉)[x], hence
the claim.

Now we wish to make a few remarks as definitions.
DEFINITION 2.2.2: Let (〈R ∪ I〉 [x]) be a neutrosophic
polynomial ring. A polynomial p(x) = ao + a1 x + … + an x is
called a strong neutrosophic polynomial if each ai is of the form
a + bI where b ≠ 0, a, b ∈ R the polynomial q (x) = b0 + b1x +
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… + bmxm is called the mixed neutrosophic polynomial if each bi
∈ 〈R ∪ I〉, i.e. some bi are from R some bj’s are of the form c +
dI (d ≠ 0). A polynomial t (x) = t0 + t1 x + …+ tr xr is said to be
a polynomial if each ti ∈ R.

Now we give some examples of neutrosophic polynomial rings
before we proceed onto define substructures in them.
Example 2.2.1: Let 〈Z ∪ I〉 be the neutrosophic ring of integers,
[〈Z ∪ I〉] [x] is the neutrosophic polynomial ring with integer
coefficients i.e. in this neutrosophic polynomial ring we have
coefficients are of the form a + bI; a and b are positive or
negative integers i.e. if p(x) = a0 + a1x +…+ an xn ai ∈ 〈Z ∪ I〉
and ai = ci + diI, ci, di ∈ Z.
Example 2.2.2: Let Q be the prime field of rationals. 〈Q ∪ I〉 is
the neutrosophic ring of rationals. [〈Q ∪ I〉] [x] is the
neutrosophic polynomial ring.
Example 2.2.3: Let R be the field of reals. 〈R ∪ I〉 be the
neutrosophic ring of reals, [〈R ∪ I〉] [x] is the neutrosophic
polynomial ring over the neutrosophic ring of reals.

We just give the example of complex neutrosophic polynomial
ring.
Example 2.2.4: Let D be the field of complex numbers. 〈D ∪ I〉
be the neutrosophic ring of complex numbers. [〈D ∪ I〉] [x] is
the neutrosophic polynomial ring with coefficients from the
neutrosophic complex field.
We see all the neutrosophic polynomial rings, which we
have given as examples are rings of characteristic zero and they
contain infinitely many elements. Now we proceed on to give
examples of finite characteristic neutrosophic polynomial rings.
Example 2.2.5: Let Zn be the ring of integers modulo n. 〈Zn ∪ I〉
be the neutrosophic ring of modulo integers, [〈Zn ∪ I〉] [x] is the
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polynomial neutrosophic ring of characteristic n, (n < ∞) and n
any positive integer.
Example 2.2.6: Let Z3 = {0, 1, 2} be the ring of integers
modulo 3. 〈Z3 ∪ I〉 = {0, 1, 2, I, 2I, 1 + I, 2 + I, 1 + 2I, 2 + 2I}.
Clearly [〈Z3 ∪ I〉] [x] is the neutrosophic polynomial ring with
coefficients from 〈Z3 ∪ I〉. Characteristic of [〈 Z3 ∪ I 〉] [x] is 3.

Now a natural question would be what is the neutrosophic
polynomial ring structure. Does it have zero divisors or not? To
this end first we make certain things clear. First Z is the integral
domain but 〈Z ∪ I〉 is not an integral domain. For consider (7 –
7I). 3I = 0; 3I ≠ 0 and 7 – 7I ≠ 0 yet 3 I (7 – 7I) = 0. Thus we
see the basic nature of the ring is not carried out faithfully by
the neutrosophic rings.
THEOREM 2.2.2: Let F be field of characteristic zero. 〈F ∪ I〉
be the neutrosophic ring. 〈F ∪ I〉 has non trivial divisors of
zero.

Proof: Given F is a field of characteristic zero. So the set of
integers Z is contained in F; further F ⊂ 〈F ∪ I〉. Take x = (8 –
8I) and y = 5I, x y = (8 – 8I). 5I = 40I – 40I2 = 0, (as I2 = I).

Thus a neutrosophic ring 〈R ∪ I〉, even when the ring R is a
field or an integral domain has zero divisors.
Example 2.2.7: Let 〈Z5 ∪ I〉 be the neutrosophic ring; [〈Z5 ∪
I〉][x] is the neutrosophic polynomial ring.
Take
p(x)
= (2 + 3I) x3 ,
q(x)
= 4Ix.
p(x) q(x) = 0,
though Z5 is the prime field of characteristic 5. [〈Z5 ∪ I〉] [x] the
neutrosophic polynomial ring has zero divisors.

Based on this we have the following interesting result:
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THEOREM 2.2.3: A neutrosophic polynomial ring [〈R ∪ I〉] [x]
is not an integral domain even if R is an integral domain or a
field.

The proof is left as an exercise for the reader. As in case of any
polynomial in case of neutrosophic polynomial p(x) = a0 + a1x +
… + anxn we say degree of p(x) = n provided an ≠ 0 and n is the
highest degree of x; a0, a1, …, an ∈ 〈R ∪ I〉.
Result: Let f(x), g(x) be any two neutrosophic polynomials in
[〈R ∪ I〉] [x]. R is a field or an integral domain. If f(x), g(x) are
two non zero polynomials of [〈R ∪ I〉] [x] then deg (f(x). g(x)) ≤
deg f(x) + deg g(x).
DEFINITION 2.2.3: Let [〈R ∪ I〉] [x] be a neutrosophic
polynomial ring.
A neutrosophic polynomial p(x) is said to be neutrosophic
reducible if p(x) = r(x) . s(x) where both r(x) and s(x) are
neutrosophic polynomials; if p(x) = r(x) s(x) but only one of r(x)
or s(x) is a neutrosophic polynomial then we say p(x) is only
semi neutrosophic reducible. If p(x) = r(x) s(x) where r(x) = I or
1 and s(x) = p(x) or I s(x) = p(x) then we call p(x) a irreducible
neutrosophic polynomial.
DEFINITION 2.2.4: Let [〈R ∪ I〉] [x] be a neutrosophic
polynomial ring. Let I be an ideal of [〈R ∪ I〉][x], if I is
generated by an irreducible neutrosophic polynomial, then we
call I the principal neutrosophic ideal of [〈R ∪ I〉] [x].
Example 2.2.8: Let [〈Z2 ∪ I〉] [x] = {a + bx | a, b ∈ {0, 1, I, 1 +
I}}, I + (1 + I)x = p(x) is an irreducible polynomial of [〈Z2 ∪
I〉][x]. The ideal generated by p(x) is a neutrosophic principal
ideal of [〈Z2 ∪ I〉] [x].
The ideal generated by p (x) is a neutrosophic principal
ideal of [〈Z2 ∪ I〉] [x].
〈 Z2 ∪ I〉 [x]
≅ {N, 1 + N}.
N = 〈 I + (1 + I) x 〉
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Now we define neutrosophic prime ideal of a neutrosophic
polynomial ring.
DEFINITION 2.2.5: Let [〈R ∪ I〉] [x] be a neutrosophic
polynomial ring. Let N be a neutrosophic polynomial ideal of
[〈R ∪ I〉] [x]. We say N is a prime neutrosophic polynomial
ideal of [〈R ∪ I〉] [x] if p(x) q(x) = r(x) ∈ N then p(x) or q(x) is
in N.

Obtain some examples of prime neutrosophic polynomial ideal
of [〈R ∪ I〉] [x].
Is every principal neutrosophic polynomial ideal prime?
Justify your answer. The notion of maximal and minimal ideal
of a neutrosophic polynomial ring can be defined. Clearly a
neutrosophic polynomial ring is not a neutrosophic integral
domain.
Is [〈R ∪ I〉] [x] a neutrosophic unique factorization domain
given R is a UFD? Justify your claim! Is division algorithm for
neutrosophic polynomial rings true? Study and analyze them!
Obtain any other interesting properties about neutrosophic
polynomial rings.
We call two neutrosophic polynomials p(x), q(x) of the
neutrosophic polynomial ring [〈R ∪ I〉] [x] to be relatively
neutrosophic prime, if they do not have a neutrosophic
polynomial r(x) such that r(x) | p(x) and r(x) | q(x) i.e. (p(x) ,
q(x)) = r(x) is not possible; Otherwise they have a factor or a
common divisor which is a neutrosophic polynomial. It is to be
noted that p(x) and q(x) can have a usual polynomial, which is a
common factor, yet the neutrosophic polynomials are said to be
neutrosophically relatively prime. We say a pair of two
neutrosophic polynomials are said to be strongly relatively
neutrosophic prime if they do not have factor which is a
neutrosophic polynomial or a usual polynomial i.e. (p(x), q(x))
= 1 or I.
Several properties enjoyed by usual polynomial rings can be
easily extended to the case of neutrosophic polynomial rings
with appropriate modifications. It is to be noted in many a case
neutrosophic polynomial rings behave differently.
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Neutrosophic polynomial rings, which we have defined,
happen to be commutative rings with unity. Now we proceed on
to define neutrosophic matrix rings which are non commutative.
DEFINITION 2.2.6: Let 〈R ∪ I〉 be any neutrosophic ring. The
collection of all n × n matrices with entries from 〈R ∪ I〉 is
called the neutrosophic matrix ring; i.e. Mn × n = {M = (aij) | aij
∈ 〈R ∪ I〉}. The operations are the usual matrix addition and
matrix multiplication.

It is left as an exercise for the reader to verify that Mn × n = {M =
(aij) | aij ∈ 〈R ∪ I〉} is a neutrosophic matrix ring. If R is of
characteristic zero than Mn×n is a neutrosophic ring of
characteristic zero. Clearly Mn×n has infinite number of elements
and infact Mn × n is a non commutative neutrosophic ring.
Example 2.2.9: Let 〈Z ∪ I〉 be a neutrosophic ring.

⎫⎪
⎪⎧⎛ a b ⎞
M2×2 = ⎨⎜
⎟ | a, b, c d ∈ 〈 Z ∪ I〉 ⎬
⎪⎩⎝ c d ⎠
⎪⎭
is the neutrosophic matrix ring of characteristic zero.
Example 2.2.10: Let 〈Z2 ∪ I〉 = {0, 1, I 1 + I} be the
neutrosophic ring of characteristic two.

⎫⎪
⎪⎧⎛ a b ⎞
M2 × 2 = ⎨⎜
⎟ | a, b, c, d ∈ 〈 Z2 ∪ I〉 ⎬
⎪⎩⎝ c d ⎠
⎭⎪
is the neutrosophic matrix ring of characteristic two and infact
|M2 × 2| < ∞ and M2 × 2 is a non commutative finite neutrosophic
ring. Find the number of elements in M2 × 2.
All properties associated with any general neutrosophic ring can
be easily extended in the case of neutrosophic matrix rings. We
define a neutrosophic integral domain.
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DEFINITION 2.2.7: Let 〈R ∪ I〉 be a neutrosophic ring. If 〈R ∪ I〉
is a commutative ring with no divisors of zero then we call 〈R ∪
I〉 to be an neutrosophic integral domain.
Example 2.2.11: Let 〈Z2 ∪ I〉 be the neutrosophic ring. 〈Z2 ∪ I〉
is not a neutrosophic integral domain.

Does their exist neutrosophic integral domains?
Now we proceed on to define pseudo neutrosophic integral
domain.
DEFINITION 2.2.8: Let T be a commutative pseudo neutrosophic
ring. If T has no zero divisors then we call T a pseudo
neutrosophic integral domain.
Example 2.2.12: Let P = {0, I, 2I, 3I, 4I, 5I, 6I}; P is a pseudo
neutrosophic ring under addition and multiplication modulo 7,
which is a pseudo neutrosophic integral domain; The operations
on P being addition and multiplication modulo 7.
Example 2.2.13: Let S = {0, I, 2I, 3I, 4I, 5I}; S is a pseudo
neutrosophic ring which is not a pseudo neutrosophic integral
domain. S is a pseudo neutrosophic ring under addition and
multiplication modulo 6. For 2I . 3I ≡ (0) mod 6.
Example 2.2.14: Let T = {0, 3, I, 2I, 3I, 4I, 5I, 3 + I, 3 + 2I, 3 +
3I, 3 + 4I, 3 + 5I}; T is a neutrosophic ring and T is not a
neutrosophic integral domain but it contains a pseudo
neutrosophic integral domain.

Now we proceed on to define neutrosophic division rings.
DEFINITION 2.2.9: Let 〈R ∪ I〉 be any neutrosophic ring without
zero divisors. If 〈R ∪ I〉 is non commutative and has no zero
divisors then we all 〈R ∪ I〉 a neutrosophic division ring.
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Example 2.2.15: Let 〈Z2 ∪ I〉 = {0, 1, I, 1 + I} be a neutrosophic
ring. Let

⎧⎪⎛ a b ⎞
⎫⎪
DI = ⎨⎜
⎟ | a, b, c d ∈ 〈 Z2 ∪ I〉 ⎬
⎪⎩⎝ c d ⎠
⎪⎭
be the collection of all 2 × 2 matrices with entries from 〈Z2 ∪ I〉,
DI is non commutative for take
⎛1 I ⎞
⎛ I 0⎞
x= ⎜
⎟
⎟ and y = ⎜
⎝ I 0⎠
⎝1 I ⎠
I⎞
⎛ I 0 ⎞ ⎛1 I ⎞ ⎛ I
x. y = ⎜
⎟
⎟ ⎜
⎟ =⎜
⎝ 1 I ⎠ ⎝ I 0 ⎠ ⎝1 + I I ⎠
⎛1 I ⎞ ⎛ I 0 ⎞
⎛0 I ⎞
y. x = ⎜
⎟ ⎜
⎟ = ⎜
⎟ , xy ≠ yx.
⎝ I 0 ⎠ ⎝1 I ⎠
⎝ I 0⎠
Hence DI is a non commutative neutrosophic ring. Clearly DI is
not a division ring for take
⎛1 0⎞
⎛0 1⎞
a= ⎜
⎟ in DI
⎟ and b = ⎜
⎝0 0⎠
⎝0 0⎠
⎛ 0 1⎞ ⎛1 0⎞ ⎛ 0 0⎞
a. b = ⎜
⎟ ⎜
⎟ =⎜
⎟.
⎝ 0 0⎠ ⎝ 0 0⎠ ⎝ 0 0⎠
Consider
⎛1 0⎞ ⎛0 1⎞
⎛0 1⎞
b.a = ⎜
⎟ ⎜
⎟ =⎜
⎟ ≠ zero matrix.
⎝0 0⎠ ⎝0 0⎠
⎝ 0 0⎠
Thus we see a.b = (0) but b.a ≠ (0). So a.b is only a one sided
zero divisor of DI. Based on this observation we would be
defining the notion of left or right zero divisors in a
neutrosophic ring. We would also define neutrosophic zero
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divisors and semi neutrosophic zero divisors of a neutrosophic
ring.
Likewise we would also define idempotents and
neutrosophic idempotents in a neutrosophic ring.
Consider
⎛1 0⎞ ⎛1 0⎞ ⎛1 0⎞
⎛1 0⎞
2
x= ⎜
⎟ ⎜
⎟=⎜
⎟ = x.
⎟ ∈ DI. x = ⎜
⎝ 0 0⎠ ⎝ 0 0⎠ ⎝ 0 0⎠
⎝ 0 0⎠
We call x just an idempotent of the neutrosophic ring. Take
⎛1 + I 0 ⎞
y= ⎜
⎟ ∈ DI,
⎝ 0 0⎠
⎛1 + I 0 ⎞ ⎛1 + I 0 ⎞ ⎛1 + I 0 ⎞
y2 = ⎜
⎟ ⎜
⎟ =⎜
⎟ =y,
⎝ 0 0⎠ ⎝ 0 0⎠ ⎝ 0 0⎠
y is called the neutrosophic idempotent of the neutrosophic ring.
Does DI have a proper subset, which is a division ring or a
neutrosophic division ring?
DEFINITION 2.2.10: Let D be a division ring. The ring
generated by 〈D ∪ I〉 is called the neutrosophic division ring. If
〈D ∪ I〉 has a proper subset P and P is a neutrosophic ring and
is a division ring then we call 〈D ∪ I〉 a weak neutrosophic
division ring.
Note: We need this definition because even if D is a division
ring we may not have 〈D ∪ I〉 to be a division ring. Is it possible
to find a neutrosophic division ring 〈D ∪ I〉 where D is a
division ring?

Consider the neutrosophic ring in this example.
Example 2.2.16: Let 〈Z2 ∪ I〉 = {0, 1, I, 1 + I} is the
neutrosophic ring. P = {0, 1}, T = {0, I}, S = {0, 1 + I} are
division rings in fact integral domains but none of them are
neutrosophic division rings or neutrosophic integral domains.
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Example 2.2.17: Let 〈Z3 ∪ I〉 = {0, 1, 2, I, 2I, 1 + I, 1 + 2I, 2 +
I, 2 + 2I} be the neutrosophic ring, P = {0, I, 2I} is an integral
domain which is not a neutrosophic integral domain or usual
integral domain.
We make from the above example one more observation
viz. (2 + 2I) (2 + 2I) = 1 Also (1 + I)2 = 1, (1 + 2I)2 = 1 + 2I, 2I
(1 + I) = I, 2I (1 + 2I) = 0, I (2 + I) = 0, I (2 + 2I) = I. We make
provisions for all these by defining new notions.

Now we proceed on to define the notion of neutrosophic ring of
real quaternions, which will give another example of a non
commutative neutrosophic ring apart from the neutrosophic ring
of matrices.
DEFINITION 2.2.11: Let Q = {α0 + α1 i + α2 j + α3 k where α0,
α1, α2, α3, are real numbers, i 2 = k2 = j2 = ijk = –1, ij = –ji = k,
jk = – kj = i, ki = –ik = j}. Q is a non commutative ring called
the ring of real quaternions infact a division ring. The
neutrosophic ring generated by Q and I is called the
neutrosophic ring of real quaternions. It is also a ring and not a
neutrosophic division ring.

We know 〈R ∪ I〉, 〈Q ∪ I〉 and 〈Z ∪ I〉 are neutrosophic rings.
Clearly 〈Z ∪ I〉 is a neutrosophic ring of integers. Suppose (a0,
a1, …, an) ∈ Z we say (a0, a1, …, an) is primitive if the greatest
common divisor of a0, a1, …, an is 1.
Let a0, a1, …, an ∈ 〈Z ∪ I〉 where a0, a1, …, an can be
integers or neutrosophic integers or elements of the form x + yI
(x, y ∈ Z).
We say the set is primitive if the greatest common divisor is
1. Consider {2 + I, 3 + 2I, 5 – I, I, 8, 31 – 2I} ∈ 〈Z ∪ I〉. This set
is a neutrosophic set of numbers and their greatest common
divisor is 1.
Consider {3, 3I, 3 – 21I, 21 + 6I, 27 – 9I, 9I + 18, 18} ∈ 〈Z
∪ I〉. The greatest common divisor is 3.
Now using this fact we define the notion of primitive
polynomial.
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DEFINITION 2.2.12: Let p(x) = a0 + a1x + … + anx ∈ 〈R ∪ I〉
[x] where {a0, a1, a2,…, an} ∈ 〈Z ∪ I〉. We say p(x) is a primitive
neutrosophic polynomial if the greatest common divisor of {a0,
a1, …, an} is 1.

Is the fact if f(x) and g(x) are primitive neutrosophic
polynomials then f(x) g(x) is a primitive polynomial true, in
case of neutrosophic polynomial rings?
Example 2.2.18: We just illustrate with some examples, Let 〈Z
∪ I〉[x] be a neutrosophic polynomial ring. Take

p(x) = 3I + (2 + 5I) x + 5x2 and
q(x) = 2 + 3Ix + (5 – 2I) x3.
We see both p(x) and q(x) are primitive polynomials.
Consider the product
p(x) q(x) = 6I + (9I + 4 + 10I) x + (6I + 15I + 10) x2 + (15I – 6I
+ 15I) x3. = 6I + (4 + 19I) x + (10 + 21I) x2 + 24I x3.
Clearly p(x) q(x) is also a primitive neutrosophic polynomial of
〈Z ∪ I〉 [x].
We define the content of the neutrosophic polynomial p(x) = a0
+ a1x + … + anxn ∈ 〈Z ∪ I〉 [x] to be the greatest common
divisor (g.c.d) of a0, a1, …, an. The g.c.d can be a real integer or
a neutrosophic number.
For we illustrate this by the following example:
Take
p(x) = (2 + I) + 7 (2 + I) x2 + (4 – I) x3.
The content of p(x) is a neutrosophic number given by 2 + I; as
p (x) = (2 + I) + 7 (2 + I) x2 + (2 + I) (2 – I) x3.
Take
q(x) = (8 – 16I) + 4I x2 + 40x3 – 16 Ix4.
The content of q(x) = 4.
Can Gauss Lemma for primitive polynomials be proved in case
of primitive neutrosophic polynomials in 〈Z ∪ I 〉 [x]?
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We call a neutrosophic polynomial integer monic if all
coefficients are from 〈Z ∪ I〉 and its highest coefficient is 1. It is
pertinent to mention here that a neutrosophic integer monic
polynomial is also primitive.
Now as in case of polynomial rings we in case of
neutrosophic polynomial rings also define polynomial rings in
n-variables.
By a neutrosophic polynomial ring in the variable x1 over
〈R ∪ I〉, a neutrosophic commutative ring with 1 we mean a set
of formal symbols a0 + a1x +…+ amxm where a0, a1,…, am are in
〈R ∪ I〉, we have proved 〈R ∪ I〉 [x1] is also a commutative ring
with unit.
Let R1 = 〈R ∪ I〉[x1]. Consider a variable x2, R1 [x2] is a
neutrosophic polynomial ring over R1 in the variable x2,
proceeding in this way Rn = Rn – 1 [xn] and Rn is a neutrosophic
polynomial ring over Rn-1 in the variable xn. Thus Rn is a ring of
neutrosophic polynomials in the variables x1, x2,…, xn over 〈R
∪ I〉. Its element is of the form
∑ a i1,i2 , ..., in x1i1 , x i22 ... x inn with
a i1 ,i 2 , ..., in ∈ 〈R ∪ I〉, i1, …, in are integers greater than or equal
to 0. Multiplication is defined by

(x

i1
1 ,

x i22 ,..., x inn

) (x

j1
1 ,

x 2j2 ,..., x njn

) =x

i1 + j1
,
1

x i22 + j2 , ..., x inn + jn

Rn is called the neutrosophic ring of polynomials in n-variables
x1,…, xn over the ring R.
Example 2.2.19: Let (〈Z ∪ I〉) [x1, x2] = R2 is the neutrosophic
ring of polynomials in the 2 variables x1 and x2.
p (x1, x2) = (2 + I) + (3 – 4I) x12 x2 + 5I x14 x 32 + (2 – 6I) x17 x 52 .

Now we can also replace Z in the example 2.2.19 by Q or R.
Example 2.2.20: Let 〈Z3 ∪ I〉 [x1, x2] is the neutrosophic
polynomial ring in two variables x1 and x2. P (x1, x2) = (2 + I) +
Ix1x2 + (2 + 2I) x 22 + (I + 1) x13 x 42 . These types of neutrosophic
polynomial rings in several variables can be studied over finite
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characteristic neutrosophic rings as well as infinite neutrosophic
rings and also of zero characteristic.
Such study may lead to some new means of solving equations,
which has solutions involving indeterminacy.
Example 2.2.21: Let 〈Z2 ∪ I〉 [x1, x2, x3] be a neutrosophic
polynomial ring in 3 variables x1, x2, x3 over
〈Z2 ∪ I〉 = {0, 1, I, 1 + I}.
Take the polynomial

p (x1, x2, x3)

=

x1 x2 + x1 + (1 + I) x2 + 1 + I.

Is this polynomial factorizable or not;
p(x1, x2, x3)

=
=

x1 (x2 + 1) + (1 + I) (x2 + 1)
[x1 + (1 + I)] [x2 + 1].

But this sort of factorization is not always possible. The
interested reader can construct means and methods to factorize
neutrosophic polynomials in single and several variables.
DEFINITION 2.2.13: Let 〈R ∪ I〉 be a neutrosophic ring. An
element x in 〈R ∪ I〉 where x = a + bI, a ≠ b or – b is said to be
a neutrosophic zero divisor if we can find y = c + dI, c ≠ d or –
d in 〈R ∪ I〉 such that x y = y x = 0.
If xy = 0 and y x ≠ 0 we call x a right zero divisor, y is its
right zero divisor.

On similar lines we can define left neutrosophic zero divisor.
Thus we see y is a neutrosophic zero divisor of x if and only if y
is both a neutrosophic right zero divisor as well as neutrosophic
left zero divisor of x.
We illustrate both neutrosophic zero divisors and right (left)
neutrosophic zero divisors. First it is to be noted the concept of
right (left) neutrosophic zero divisors occur only when the
neutrosophic ring is a non commutative one. It is still important
to note that all zero divisors of the form (a – aI) I = aI – aI2 = 0
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(∵ I2 = I) will be termed as trivial neutrosophic zero divisors of
〈R ∪ I〉. For they arise from the basic fact I2 = I.
Example 2.2.22: Let 〈Z4 ∪ I〉 = {0, 1, 2, 3, I, 2I, 3I, 1 + I, 2 + I,
3 + I, 1 + 2I, 2 + 2I, 3 + 3I, 1 + 3I, 2 + 3I, 3 + 3I} be a
neutrosophic ring of characteristic four.
Clearly (2 + 2I) I = 0 is a trivial neutrosophic zero divisor.
(2 + 2I)2 = 0 is a non trivial neutrosophic zero divisor of 〈Z4 ∪
I〉. (2 + 3I) (2 + 2I) = 0 is a non trivial neutrosophic divisor of
zero; 2I. 2 = 0 is also a non trivial neutrosophic divisor of zero,
which we name differently. (2 + 2I) . 2 = 0 is also a non-trial
neutrosophic divisor of zero, which will be defined differently.
DEFINITION 2.2.14: Let 〈R ∪ I〉 be a neutrosophic ring x = a +
bI, be a neutrosophic element of R (a ≠ 0 and b ≠ 0). If y ∈ R is
such that x y = y x = 0 then y is called the semi neutrosophic
divisor of zero.
Note: An element x ∈ 〈R ∪ I〉 can have both neutrosophic zero
divisors and semi neutrosophic zero divisors. For we see in
example 2.2.22. (2 + 2I) has both neutrosophic divisors of zero
as well as semi neutrosophic divisors of zero.
Example 2.2.23:
⎛a b⎞
⎪⎧
⎪⎫
M 2×2 = ⎨(a ij ) = ⎜
⎟ where a, b,c,d ∈ Z2 ∪ I = {0,1, I,1 + I}⎬ .
⎝c d⎠
⎩⎪
⎭⎪
M 2 × 2 is a neutrosophic ring which is non commutative. Take
⎛1 + I 0 ⎞
⎛0 1+ I⎞
x= ⎜
⎟ and ⎜
⎟ = y.
⎝ 0 0⎠
⎝0 0 ⎠

⎛1 + I 0 ⎞ ⎛ 0 1 + I ⎞
x.y = ⎜
⎟ ⎜
⎟
⎝ 0 0⎠ ⎝ 0 0 ⎠
⎛0 1+ I⎞ ⎛0 0⎞
=⎜
⎟ ≠ ⎜
⎟.
⎝0 0 ⎠ ⎝0 0⎠
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⎛ 0 1 + I ⎞ ⎛1 + I 0 ⎞ ⎛ 0 0 ⎞
yx= ⎜
⎟⎜
⎟ =⎜
⎟.
⎝ 0 0 ⎠ ⎝ 0 0⎠ ⎝ 0 0⎠
This x is only a one sided neutrosophic divisor of zero, consider

⎛1 0⎞
a= ⎜
⎟ and b =
⎝0 0⎠
⎛0 1+ I⎞
ba= ⎜
⎟
⎝0 0 ⎠

⎛0 1+ I⎞
⎜
⎟ in M2 × 2 .
⎝0 0 ⎠
⎛1 0⎞ ⎛ 0 0⎞
⎜
⎟= ⎜
⎟.
⎝0 0⎠ ⎝ 0 0⎠

⎛1 0⎞ ⎛ 0 1+ I⎞
ab= ⎜
⎟ ⎜
⎟=
⎝ 0 0⎠ ⎝ 0 0 ⎠

⎛0 1+ I⎞ ⎛0 0⎞
⎜
⎟ ≠⎜
⎟.
⎝0 0 ⎠ ⎝0 0⎠

⎛1 0⎞
Thus a = ⎜
⎟ is a semi neutrosophic divisor of zero. For
⎝0 0⎠
both x and a. The same is true of
⎛0 1+ I⎞
y= ⎜
⎟,
⎝0 0 ⎠
acts to produce a neutrosophic zero divisor as well as semi
neutrosophic zero divisor. Also this has several other one sided
divisors of zero. For instance take
0 ⎞
⎛ 0
⎛0 1+ I⎞
c= ⎜
⎟ and d = ⎜
⎟
⎝0 0 ⎠
⎝1 + I 1 + I ⎠
0 ⎞ ⎛1 + I 0 ⎞ ⎛ 0 0 ⎞ ⎛ 0 0 ⎞
⎛ 0
cd= ⎜
⎟ ⎜
⎟ =⎜
⎟ ≠⎜
⎟.
⎝1 + I 1 + I ⎠ ⎝ 0 0 ⎠ ⎝1 + I 0 ⎠ ⎝ 0 0 ⎠
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Chapter Three

NEUTROSOPHIC GROUP RINGS AND
THEIR GENERALIZATIONS

This chapter introduces the notion of neutrosophic group rings;
their special generalizations and neutrosophic semigroup rings
and their generalizations. This chapter has three sections.
Section one introduces the notion of neutrosophic group rings
K〈G ∪ I〉, i.e., the neutrosophic group 〈G ∪ I〉 over the ring K.
Section two studies the special properties of neutrosophic group
rings. Section three introduces several concepts like semigroup
neutrosophic
rings,
S-semigroup
neutrosophic
rings
neutrosophic semigroup neutrosophic rings some of which
special generalizations of group rings and analyses them.
3.1 Neutrosophic Group Rings

In this section we for the first time introduce the notion of
neutrosophic group rings. Neutrosophic group rings are defined
analogous to groups over rings i.e., group rings. Here groups are
replaced by neutrosophic groups in the definition of group rings,
these algebraic structures can be realized as a special type of
generalization of group rings. Throughout this section we take
neutrosophic group over rings unless otherwise a special
mention is made.
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DEFINITION 3.1.1: Let 〈G ∪ I〉 be any neutrosophic group. R
any ring with 1 which is commutative or a field. We define the
neutrosophic group ring R (〈G ∪ I〉) of the neutrosophic group
〈G ∪ I〉 over the ring R as follows:

1. R(〈G ∪ I〉) consists of all finite formal sums of the form
n

α = ∑ ri gi , n < ∞ ; ri ∈ R and gi ∈ 〈G ∪ I〉 (α ∈ R(〈G
i =1

∪ I〉).
n

m

i =1

i =1

2. Two elements α = ∑ ri gi and β = ∑ si gi in R〈G ∪ I〉
are equal if and only if ri = si and m = n. Thus having
defined distinctness of elements we proceed onto define
sum and product in R 〈G ∪ I〉.
3. Let
n

m

α = ∑ α i gi , β = ∑ βi gi ∈ R 〈G ∪ I〉;
i =1

i =1

α+β=

n

∑

(αi + βi)gi ∈ R 〈G ∪ I〉;

i=1

as αi, βi ∈ R so αi + β i ∈ R and gi ∈ 〈G ∪ I〉.
4.

n

0 = ∑ 0g i serves as the zero of R(〈G ∪ I〉).
i=1

5. Let
n

α = ∑ α i gi ∈ R 〈G ∪ I〉
i =1

then
n

−α = ∑ (−α i ) gi
i =1

is such that

α + (– α)

= 0
= Σ (αi + (-αi))gi
= Σ 0gi .
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Thus we see R 〈G ∪ I〉 is an abelian group under the
binary operation ‘+’.
6. We define product of two element α, β in R〈G ∪ I〉, as
follows :
Let
n

m

i =1

j =1

α = ∑ α i gi and β = ∑ β j h j

∑α

α ⋅β =

i ≤i ≤ n
i≤ j≤m

=

∑Y

K

i

⋅ β j gi h j
tK

K

(where YK =

∑α β
i

j

with gihj = tK, tK ∈ 〈G ∪ I〉 and YK

∈ R). Clearly α.β ∈ R〈G ∪ I〉.
7. It is an easy task to verify that α (β + γ) = αβ + αγ and
(β + γ)α = βα + γα for all α, β, γ ∈ R(〈G ∪ I〉). That is
the distributive law is inherited by the algebraic
structure.
Clearly. R 〈G ∪ I〉 is a ring under the binary operation
+ and ‘.’ .
Remark:

1. The neutrosophic group ring R〈G ∪ I〉 is commutative if
and only if 〈G ∪ I〉 is a commutative neutrosophic
group.
2. The neutrosophic group ring R〈G ∪ I〉 has finite number
of elements or is of finite order if and only if both the
ring and the neutrosophic group 〈G ∪ I〉 are finite. Even
if one of them is infinite the neutrosophic group ring
R〈G ∪ I〉 is of infinite order.
3. Since 1 ∈ R we can always have 〈G ∪ I〉 to be a proper
subset of R〈G ∪ I〉 i.e.1.g → g.
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Now we will see illustrations of such structures before we
proceed onto prove some of its related properties.
Example 3.1.1: Let R = Z, be the ring of integers. Take 〈G ∪ I〉
= {1, g, g2, I, gI, g2I / g3 = 1 and I2 = I}.

⎧n
⎫
⎪ ri g i , n ≤ 6
⎪
Z G ∪ I = ⎨∑
⎬
i =1
and
r
Z
∈
i
⎪⎩
⎪⎭
gi ∈ G ∪ I
Z〈G ∪ I〉 is a ring called the neutrosophic group ring. The order
of Z〈G ∪ I〉 is infinite.
Clearly Z is an integral domain but Z〈G ∪ I〉 is not a
domain for it has zero divisors. Further Z〈G ∪ I〉 is a
commutative neutrosophic group ring of infinite order.
Now we proceed onto give some examples of finite
neutrosophic group rings.
Example 3.1.2: Let
〈G ∪ I〉 = {1, g, g2, g3, g4, I, gI, g2I, g3I, g4I, / g5 = 1, I2 = I}

be a neutrosophic group of order 10. Let Z2 = {0, 1} be the ring
of characteristic 2. Z2 〈G ∪ I〉 is a neutrosophic ring of finite
order, which is a commutative ring.
Clearly 〈G ∪ I〉 ⊆ Z2 〈G ∪ I〉 and Z2 ⊆ Z2 (〈G ∪ I〉).
Now we proceed to give yet another example.
Example 3.1.3: Let Z2 = {0,1} the ring of characteristic two.

〈G ∪ I〉 = {1,g, I, g I / g2 = 1 and I2 = I}.
Z2 〈G ∪ I〉 = {0, 1, g, I, gI, 1 + g, 1 + g + I, 1 + gI + I, 1 + I, g +
gI + I, I + gI, g + I, g + gI, 1 + gI, 1 + g + gI, 1 + g + I + gI}.
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Z2 〈G ∪ I〉 is a finite commutative neutrosophic group ring
having zero divisors for (1 + g)2 = 1 + 2g + g2 = 0, (I + gI)2 = 0.
This neutrosophic group ring has nontrivial idempotents, viz. (1
+ I)2 = 1 + 2I + I2 = 1 + I we call I2 = I to be a trivial idempotent
of the neutrosophic group ring.
Now we proceed on to illustrate a non commutative
neutrosophic group ring R〈G ∪ I〉.
Example 3.1.4: Let Z6 be the ring of integers module 6 i.e.,

Z6 = {0, 1, 2, 3, 4, 5} and 〈G ∪ I〉
= {1, p1, p2, p3, p4, p5, I, p1I, p2I, ..., p5I} where
⎛1 2 3 ⎞
⎛1 2 3 ⎞
1=⎜
⎟ , p1 = ⎜
⎟ ,
⎝1 2 2 ⎠
⎝1 3 2 ⎠
⎛ 1 2 3⎞
⎛ 1 2 3⎞
p2 = ⎜
⎟ , p3 = ⎜
⎟,
⎝ 3 2 1⎠
⎝ 2 1 3⎠
⎛ 1 2 3⎞
⎛1 2 3⎞
p4 = ⎜
⎟ and p5 = ⎜
⎟ .
⎝ 2 3 1⎠
⎝3 1 2⎠
Clearly Z6[〈G ∪ I〉] is a non commutative neutrosophic group
ring of finite order having zero divisors and idempotents.
The following theorems are worth mentioning:
THEOREM 3.1.1: Every neutrosophic group ring R〈G ∪ I〉
contains atleast one proper subset, which is a group ring.

Proof: Given R(〈G ∪ I〉) is a neutrosophic group ring. Clearly,
RG ⊆ R(〈G ∪ I〉), so R(〈G ∪ I〉) contains a group ring.

Now we give the condition under which the neutrosophic group
ring R(〈G ∪ I〉) has one and only one proper subset, which is a
group ring.
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THEOREM 3.1.2: Let R(〈G ∪ I〉) be a neutrosophic group ring
of the neutrosophic group 〈G ∪ I〉 over the ring R. R(〈G ∪ I〉)
has one and only one proper subset which is a group ring if the
following condition are satisfied.

1.
2.

R is a ring having no proper subrings or R is a prime
field.
G is a group having no proper subgroups.

Equivalently if conditions (1) and (2) are satisfied the
neutrosophic group ring has one and only one proper subset
which is a group ring.
Proof: First we make a mention of what we mean by a proper
subset being a group ring in a neutrosophic group ring R(〈G ∪
I〉).
A proper subset φ ≠ A of R(〈G ∪ I〉) is said to be group ring
if A can be written as A = KH where K is a commutative ring
with unity and a proper subset of R or a subfield and a proper
subset of R or K = R. H is a proper subgroup of G or H = G, (A
y R[〈G ∪ I〉]).
If G has no proper subgroups and R has no proper subrings
with unit then RG is the only group ring of the neutrosophic
group ring R(〈G ∪ I〉). Thus we see conditions (1) and (2) of the
theorem are trivially satisfied.
If on the other hand conditions (1) and (2) are satisfied to
show the neutrosophic group ring can have one and only proper
subset which is a group ring.
We are given conditions (1) and (2) of the theorem are
satisfied i.e. G has no proper subgroups other than itself and
identity and R has no proper subset, which is a ring with unity.
So the only group ring in the neutrosophic group ring R(〈G ∪
I〉) is RG. Hence the claim.
First we show we have a nontrivial class of neutrosophic
group rings, which satisfies this condition. We call this class of
neutrosophic group rings as a special class of neutrosophic
rings or the group rings is known as the special neutrosophic
group ring.
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THEOREM 3.1.3: Let Zp be the prime field of characteristic p or
Z the ring of integers and G a cyclic group of prime order p.
Then the neutrosophic group ring Zp 〈G ∪ I〉 (Z(〈G ∪ I〉)) has
only one proper subset which is a group ring given by ZpG or
ZG.

Proof: Follows directly from the earlier theorem and the fact Zp
is a prime field of characteristic p (Z has no proper subrings
with unity) and G a cyclic group of prime order.
Note: If we take Q to be the prime field of characteristic 0 we
see Z ⊂ Q, Z is a ring with unit and ZG is the group ring also
≠

QG is a group ring. That is why we have not taken Q, only Z.
Before we proceed onto define other concepts we first illustrate
this notion by the following examples:
Example 3.1.5: Let Z be the ring of integers 〈G ∪ I〉 = {1, g, g2,
…, g6, IgI, g2I, …, g5I / g7 =1 and I2 = I}.

Z〈G ∪ I〉 is a special neutrosophic group ring for ZG is the only
group ring in Z(〈G ∪ I〉.
Example 3.1.6: Let Z5 = {0,1, 2,3, 4} be the prime field of
characteristic 5 and 〈G ∪ I〉 = {1, g, g2, I, gI, g2I / g3 = 1, I2 = I}.

Z5 〈G ∪ I〉 is a special neutrosophic group ring.
Thus the concept of special neutrosophic group rings divides the
class of neutrosophic rings into two distinct (i.e. non
overlapping classes) classes.
Example 3.1.7: Let Q be the prime field of characteristic 0. 〈G
∪ I〉 = 〈1, g, g2, g3, g4, I, gI, g2I, g3I, g4I /g5 = 1 and I2 = I〉. Q(〈G
∪ I〉) is not a special neutrosophic group ring for it contains QG
and ZG as proper group rings.
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In case of neutrosophic group rings we can define five types
of subrings.
1.
2.
3.
4.
5.

Subneutrosophic group rings.
Neutrosophic subrings.
Pseudo neutrosophic subrings.
Subgroup rings.
Subrings.

Now we proceed on to define these five concepts and illustrate
with examples and also obtain conditions for them to contain
such types of subrings.
DEFINITION 3.1.2: Let R(〈G ∪ I〉) be a neutrosophic group ring
of the neutrosophic group 〈G ∪ I〉 over the ring R. We call a
proper subset P of R(〈G ∪ I〉) to be a subneutrosophic group
ring if P = R(〈H ∪ I〉) or S(〈G ∪ I〉) or T(〈H ∪ I〉), in P = R(〈H
∪ I〉) i.e. R is the ring and 〈H ∪ I〉 is a proper neutrosophic
subgroup of 〈G ∪ I〉 or in S(〈G ∪ I〉). S is a proper subring with
unit of the ring R and 〈G ∪ I〉 is the neutrosophic group and if P
= T(〈H ∪ I〉); T is a subring of R with unit and 〈H ∪ I〉 is a
neutrosophic subgroup, H is a proper subgroup of G.

We first illustrate this by the following example:
Example 3.1.8: Let Q(〈G ∪ I〉) be a neutrosophic group ring
where Q = the field of rationals and
〈G ∪ I〉 = 〈1, g, g2, g3, g4, g5, I, gI, …, g5I / g6 = 1 and I2 = I〉.

Take P = Q(〈H ∪ I〉) where
〈H ∪ I〉 = {1, g2, g4, I, g2I, g4I}.
P is a subneutrosophic group ring.
Take T = Z〈G ∪ I〉, Z is a ring with unit, Z〈G ∪ I〉 is also a
subneutrosophic group ring.
Consider Z(〈P ∪ I〉) where
〈P ∪ I〉 = {1, g3, I, g3I / g6 = 1 and I2 =I}.
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Z(〈P ∪ I〉) is also a subneutrosophic group ring. Thus this
neutrosophic group ring has all the three types of
subneutrosophic group rings.
Next we proceed on to define neutrosophic subrings.
DEFINITION 3.1.3: Let R(〈G ∪ I〉) be a neutrosophic group
ring. A proper subset P of R(〈G ∪ I〉) is said to be a
neutrosophic subring if P = 〈S ∪ I〉 where S is a subring of RG
or R.

We first illustrate this by the following example:
Example 3.1.9: Let R(〈G ∪ I〉) be a neutrosophic group ring of
the neutrosophic group 〈G ∪ I〉 over the ring R.

Clearly 〈R ∪ I〉 is a neutrosophic subring of R(〈G ∪ I〉).
Now we have the following interesting theorem:
THEOREM 3.1.4: Let R(〈G ∪ I〉) be the neutrosophic group ring
of the neutrosophic group 〈G ∪ I〉 over the ring R. Then R (〈G
∪ I〉) always has a nontrivial neutrosophic subring.

Proof: Consider the neutrosophic ring generated by 〈R ∪ I〉
clearly 〈R ∪ I〉 ⊂ R(〈G ∪ I〉). Hence the claim.

Now we proceed onto define pseudo neutrosophic subrings.
DEFINITION 3.1.4: Let R(〈G ∪ I〉) be a neutrosophic group ring
of the neutrosophic group 〈G ∪ I〉 over the ring R. If R(〈G ∪ I〉)
has a proper subset T which is just a pseudo neutrosophic ring,
then we say the neutrosophic group ring has pseudo
neutrosophic subring. i.e. T ≠ 〈S ∪ I〉 where S is a subring or
subgroup ring of R or RG respectively.

We just illustrate this by the following example:
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Example 3.1.10: Let Z6(〈G ∪ I〉) be a neutrosophic group ring
of the neutrosophic group 〈G ∪ I〉 over Z6, the ring of integers
modulo 6. Clearly P = {0, 3I} is a proper subset of Z6(〈G ∪ I〉)
which is a pseudo neutrosophic subring of Z6 (〈G ∪ I〉).

Next we proceed onto define the notion of subgroup rings.
DEFINITION 3.1.5: Let R(〈G ∪ I〉) be the neutrosophic group
ring of the neutrosophic group 〈G ∪ I〉 over the ring R. We say
a proper subset P of R(〈G ∪ I〉) to be a subgroup ring of R(〈G ∪
I〉) if P = SH where S is a subring of R and H is just a subgroup
of G and SH is the group ring of the subgroup H over the ring S.

Clearly all neutrosophic group rings have proper subgroup
ring. For if R(〈G ∪ I〉) is a neutrosophic group ring then RG is
the subgroup ring of R〈G ∪ I〉.

Now we proceed onto define the notion of subrings of the
neutrosophic group ring. Clearly we assume these subrings do
not have the structure of subgroup rings. They are only
subrings.
DEFINITION 3.1.6: Let R(〈G ∪ I〉) be the neutrosophic group
ring of the neutrosophic group 〈G ∪ I〉 over the ring R. A
proper subset P which is a subring but P should not have a
group ring structure, is defined to be the subring of the
neutrosophic group ring R(〈G ∪ I〉).

We illustrate this by the following example:
Example 3.1.11: Let Z2〈G ∪ I〉 be the neutrosophic group ring
where Z2 = {0, 1} and 〈G ∪ I〉 = {1, g, g2, g3, I, gI, g2I, g3I / g4 =
1 and I2 = I}.
Clearly P = {0,1 + g2} is a subring of Z2 (〈G ∪ I〉).

Here it has become important to mention that when we define
ideals in a neutrosophic group ring we cannot have any of these
types we can have only one type. Thus we see in case of
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neutrosophic group rings we have the vast difference between
the ideals and subrings.
Now we proceed onto define neutrosophic ideals of a
neutrosophic group ring R(〈G ∪ I〉).
DEFINITION 3.1.7: Let R(〈G ∪ I〉) be the neutrosophic group
ring of the neutrosophic group 〈G ∪ I〉 over the ring R. We say
a proper subset J of R(〈G ∪ I〉) is said to be a neutrosophic
ideal of R(〈G ∪ I〉)if (1) J is a neutrosophic subring or a sub
neutrosophic group ring of R(〈G ∪ I〉).
For every j ∈ J and α ∈ R(〈G ∪ I〉) αj and jα belong to J.
Note: One can define the notion of right and left neutrosophic
ideals of the neutrosophic group ring R(〈G ∪ I〉).

In case the neutrosophic group ring is commutative the notion
of left and right neutrosophic ideals coincide.
Now we have yet another notion called pseudo neutrosophic
ideal of the neutrosophic group ring R(〈G ∪ I〉).
DEFINITION 3.1.8: Let R(〈G ∪ I〉) be the neutrosophic group
ring of the neutrosophic group 〈G ∪ I〉 over the ring R. Let P be
a pseudo neutrosophic subring of the neutrosophic group ring
R(〈G ∪ I〉) we say P is a pseudo neutrosophic ideal of the
neutrosophic group ring R (〈G ∪ I〉) if the following condition is
satisfied.
For all p ∈ P and α ∈ R(〈G ∪ I〉) pα and α p ∈ P.

The reader is expected to construct more examples however we
give an example of each.
Example 3.1.12: Let R(〈G ∪ I〉) be the neutrosophic group ring
of the neutrosophic group 〈G ∪ I〉 over the ring R, where R =
{Z2 = {0,1}} and

{G ∪ I} ={1, g, g2, g3, I gI, g2I g3I / g4 = 1 and I2 =I}.
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Clearly P = 〈0, (1 + g + g2 +g3), (I + gI + g2I + g3I), (1 + g + g2 +
g3 + I + gI + g2I + g3I)〉 is a pseudo neutrosophic ideal of the
neutrosophic group ring R〈G ∪ I〉.
Here we give yet another example of a neutrosophic ideal.
Example 3.1.13: Let Z〈G ∪ I〉 be a neutrosophic group ring of
the neutrosophic group 〈G ∪ I〉 over the ring Z. ZP = 2Z (〈G ∪
I〉) is a neutrosophic subring is the neutrosophic ideal of the
neutrosophic group ring.
Note: Clearly 2Z 〈G ∪ I〉 is not a neutrosophic subring which is
a neutrosophic group ring. Also a neutrosophic subring need not
always contain the identity of the neutrosophic ring.

One can define as a matter of routine the notion of maximal
neutrosophic ideal, minimal neutrosophic ideal, principal
neutrosophic ideal and prime neutrosophic ideal. This is left as
an exercise for the reader. Several problems in this direction are
given in the last chapter.
Now we proceed onto define the notion of quasi neutrosophic
ideals and loyal pseudo neutrosophic ideals of a neutrosophic
group ring.
DEFINITION 3.1.9: Let R(〈G ∪ I〉) be a neutrosophic group ring
of the neutrosophic group 〈G ∪ I〉 over the ring R. Let S be any
subring (neutrosophic or otherwise). Suppose their exists
another subring P in R (〈G ∪ I〉) such that S is an ideal over P
i.e., sp and ps ∈ S for all p ∈ P and s ∈ S, then we call S a
quasi neutrosophic ideal of the neutrosophic group ring R(〈G ∪
I〉) relative to P.
If S happens to be only a right or left ideal only then we call
S a quasi neutrosophic right (left) ideal relative to P.

The following are interesting, so we just make a mention of
them.
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DEFINITION 3.1.10: For a given or choosen S in the definition
3.1.9 one may have several Pi such that S is a quasi
neutrosophic ideal over Pi.
If in a neutrosophic group ring for a given S we have only
one P such that S is a quasi neutrosophic ideal relative only to
P and for no other P then we call such S to be a loyal quasi
neutrosophic ideal relative to P.
If every subring S of a neutrosophic group ring happens to
be a loyal quasi neutrosophic ideal relative to a unique P we
call the neutrosophic group ring R(〈G ∪ I〉) itself a loyal
neutrosophic group ring.
DEFINITION 3.1.11: Let R(〈G ∪ I〉) be a neutrosophic group
ring of the neutrosophic group 〈G ∪ I〉 over the ring R. If for S a
subring P is another subring (P ≠ S) such that S is a quasi
neutrosophic ideal relative P. If in particular P happens to be
quasi neutrosophic ideal relative to S then we call (P, S) a
bonded quasi neutrosophic ideal of the neutrosophic group
ring.
Note: We throw open several problems which are both
interesting and needs more research.

1.
2.

Should a bonded quasi neutrosophic ideals be loyal?
Give examples of loyal quasi neutrosophic ideals
which are not bonded!

As in case of usual ideals in group rings in case of bonded
quasi neutrosophic ideals also we can define bonded quasi
neutrosophic right ideals or bonded quasi neutrosophic left
ideals if S in the definition happens to be either left (right) ideal.
Similarly one can also define loyal quasi neutrosophic right or
left ideals.
We have got a very interesting relation which is left as an
exercise for the reader to prove.
Prove if S is a subring structure of a neutrosophic group
ring and if S is quasi neutrosophic ideal over P1 and P2. Does it
always imply P1 ⊂ P2 or P2 ⊂ P1? Or can P1 and P2 be disjoint?
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Now we proceed onto define the notion of pseudo bonded quasi
neutrosophic ideals and pseudo loyal quasi neutrosophic ideals
of a neutrosophic group ring R(〈G ∪ I〉).
DEFINITION 3.1.12: Let R(〈G ∪ I〉) be a neutrosophic group
ring of the neutrosophic group over the ring R. Let S be a
pseudo neutrosophic subring, if S is a quasi ideal over a subring
P then we call S a pseudo neutrosophic ideal relative to the
subring P.
P in general need not be pseudo neutrosophic, if in
particular P also happens to be a pseudo neutrosophic subring
of R(〈G ∪ I〉) then we call S a strong pseudo neutrosophic quasi
ideal of R(〈G ∪ I〉).
It can be easily verified that in general all strong pseudo
quasi neutrosophic ideals are pseudo quasi neutrosophic ideals
and not conversely.

Give an example of a pseudo quasi neutrosophic ideal which is
not a strong pseudo quasi neutrosophic ideal.
Now we proceed onto define the notion of pseudo loyal quasi
neutrosophic ideal and pseudo bonded quasi neutrosophic ideal.
DEFINITION 3.1.13: Let R(〈G ∪ I〉) be a neutrosophic group
ring of the neutrosophic group 〈G ∪ I〉 over the ring R.. Let S be
a pseudo neutrosophic subring.
We say S is a quasi pseudo neutrosophic loyal ideal relative
to P if S is a quasi pseudo neutrosophic ideal only relative to P
and is not a quasi pseudo neutrosophic ideal relative to any
other subring of R.
If in addition P also happens to be a pseudo neutrosophic
subring then we call S a pseudo strong loyal quasi neutrosophic
ideal.

Clearly we see all pseudo strong loyal quasi neutrosophic
ideals are pseudo loyal quasi neutrosophic ideals and not
conversely.
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Now one can define the notion of bonded pseudo quasi
neutrosophic ideals and strongly bonded pseudo quasi
neutrosophic ideals of a neutrosophic group ring R(〈G ∪ I〉).
As in case of other ideals one can define the notion of left
(and or) right pseudo bonded quasi neutrosophic ideals.
3.2 Some special properties of Neutrosophic Group Rings

Now we proceed onto define some special properties of
neutrosophic group ring and element wise analysis of
neutrosophic group rings and obtain some results analogous to
group rings.
DEFINITION 3.2.1: Let R(〈G ∪ I〉) be a neutrosophic group ring
of a neutrosophic group 〈G ∪ I〉 over the ring R. We say an
element α ∈ R〈G ∪ I〉 is a neutrosophic idempotent if support of
α has neutrosophic group elements and α2 = α. If α ∈ R〈G ∪ I〉
has no neutrosophic group elements then we just call α an
idempotent if α2 = α.

We illustrate both these concepts by the following example.
Example 3.2.1: Let R〈G ∪ I〉 be the neutrosophic group ring
where R = Z2 and

〈G ∪ I〉 = {1, g, g2, g3, I gI, g2I, g3I /g4 = 1 and I2 = I}
α = 1 + g + g2 + g3 ∈ Z2 〈G ∪ I〉 is such that α2 = α; α is an
idempotent of the neutrosophic group ring. Take (1 + I) = β ∈
Z2 〈G ∪ I〉; (1 + I)2 = 1 + I, so β is a neutrosophic idempotent of
Z2〈G ∪ I〉.
Now we proceed onto define units and neutrosophic units in a
neutrosophic group ring.
DEFINITION 3.2.2: Let R(〈G ∪ I〉) be a neutrosophic group ring
of a neutrosophic group 〈G ∪ I〉 over a ring R. An element α is
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said to be unit in R(〈G ∪ I〉) if their exists a β in R(〈G ∪ I〉) such
that αβ = 1. An element α' in the neutrosophic group ring R(〈G
∪ I〉) is said to be a neutrosophic unit of R(〈G ∪ I〉) if there
exists a β′ in R(〈G ∪ I〉) such that α′β′ = I.
Note: As I2 = I, I will be called as a trivial neutrosophic unit of
the neutrosophic group ring. We also can call for α; β is the
inverse in the definition.
Similarly for α′ in R〈G ∪ I〉 we have β′ to be the
neutrosophic inverse of α′. It is further important to note α need
not be an ordinary element. It can be a neutrosophic element.

To this end we give an example.
Example 3.2.2: Let Z4 = {0, 1, 2, 3} be the ring of integers
modulo 4 and G = 〈g4 = 1〉 and 〈G ∪ I〉 ={1, g, g2, g3, I, gI, g2I,
g3I/ g4 = 1 and I2 = I}. Let Z4 〈G ∪ I〉 be the neutrosophic group
ring. Clearly α = (1 + 2gI) is such that α2 = 1 but α is a
neutrosophic element but α is not a neutrosophic unit of Z4 〈G
∪ I〉.

Next we proceed on to define the notion of zero divisors
and neutrosophic zero divisors in a neutrosophic group ring
R(〈G ∪ I〉).
DEFINITION 3.2.3: Let R(〈G ∪ I〉) be the neutrosophic group
ring of the neutrosophic group 〈G ∪ I〉 over the ring R. An
element of 0 ≠ α ∈ R(〈G ∪ I〉) which is just a non neutrosophic
element is called a zero divisor in R(〈G ∪ I〉) if their exists a
non zero β in R(〈G ∪ I〉) with αβ = 0.
An element 0 ≠ α ∈ R(〈G ∪ I〉) is a neutrosophic zero
divisor if α is a neutrosophic element in R(〈G ∪ I〉)and their
exists a β ≠ 0 ∈ R(〈G ∪ I〉) with αβ = 0.
Example 3.2.3: Let R(〈G ∪ I〉) be a neutrosophic group ring
where R = Z2 the ring of integers modulo 2 and 〈G ∪ I〉 = {1, g,
g2, g3, I, gI, g2I, g3I/g4 = 1 and I2 = I}. R 〈G ∪ I〉 = Z2 〈G ∪ I〉 is
the neutrosophic group ring we see Z2 〈G ∪ I〉 contains both
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zero divisors and neutrosophic zero divisors. For take α = (I +
g) and β = 1 + g + g2 + g3 in Z2 〈G ∪ I〉, αβ = 0 is a zero divisor.
Take α = (I + g2) and β = (I + gI + g2I +g3I). Cleary αβ = 0.
Thus α is a neutrosophic zero divisor in Z2 (〈G ∪ I〉).
We have the following interesting result about zero divisors
and neutrosophic zero divisors in case of neutrosophic group
rings.
Just we define neutrosophic torsion element of a group.
DEFINITION 3.2.4: Let 〈G ∪ I〉 be a neutrosophic group. An
element g of 〈G ∪ I〉 is said to be neutrosophic torsion element
if (g)n = I for some finite integer n. If for no n we have gn = I
where g is a neutrosophic element of 〈G ∪ I〉 then we call g a
neutrosophic torsion free element of 〈G ∪ I〉.
Example 3.2.4: Let Q+ denote the set of positive rationals, 〈Q+
∪ I〉 be the neutrosophic group under multiplication. 〈Q+ ∪ I〉 is
a torsion free group as well as neutrosophic torsion free group.
Example 3.2.5: Let 〈G ∪ I〉 = {1, g, g2, g3, g4, I, gI, g2I, g3I, g4I /
g5 = 1 and I2 = I} every element in 〈G ∪ I〉 is either torsion or
neutrosophic torsion.

Now we have the following result:
LEMMA 3.2.1: Let 〈G ∪ I〉 be a neutrosophic group which is not
torsion free and not neutrosophic torsion free then the
neutrosophic group ring K(〈G ∪ I〉) has proper zero divisors and
neutrosophic zero divisors where K is a field.

Proof: By assumption 〈G ∪ I〉 contains finite neutrosophic
subgroup 〈H ∪ I〉 ≠ 〈1 ∪ I〉. Set

α=

∑

x ∈ (〈G ∪ I〉).

x∈H ∪ I

If h ∈ H then hH = H so hα = α.
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Thus α2 = nα where n is the order of 〈H ∪ I〉. So α (α – n) = 0,
we see that K〈G ∪ I〉 has proper neutrosophic divisors of zero.
We illustrate the above lemma by the following example.
Example 3.2.6: Let K be a field of characteristic zero and 〈G ∪
I〉 = {1, g, g2, g3, g4, g5, I, gI, g2I, g3I, g4I, g5I / g6 = 1 and I2 = I}.
Let K(〈G ∪ I〉) be a neutrosophic group ring of the neutrosophic
group (〈G ∪ I〉) over the field K. Clearly 〈H ∪ I〉 = {1, g2, g4, I,
g2I, g4I} and |〈H ∪ I〉| = 6.
Now if α = 1 + g2 + g4 + I + g2I + g4I, then α(α – 6) = 0
which is a neutrosophic zero divisor of K(〈G ∪ I〉). Let β = 1 +
g2 + g4, β [β – 3] = 0 is a zero divisor of K(〈G ∪ I〉).

Now we prove an interesting result about units and neutrosophic
units of a neutrosophic group ring R(〈G ∪ I〉).
THEOREM 3.2.1: Let 〈G ∪ I〉 be a neutrosophic group which is
not torsion free and not neutrosophic torsion free and K any
field with |K| > 3. Then the neutrosophic group ring KG has
nontrivial units.
Proof: Given 〈G ∪ I〉 is not a neutrosophic torsion free
neutrosophic group. So G is not a torsion free group. K any field
such that |K| > 3. To show KG has nontrivial units and
nontrivial neutrosophic units. By the very assumption 〈G ∪ I〉
contains neutrosophic subgroups. Let 〈H ∪ I〉 be a neutrosophic
subgroup. Set
α = ∑ x ∈ Κ (〈G ∪ I〉).
x ∈ H∪I

Let supp α = | 〈H ∪ I〉 | = n (say). Given |K| > 3 so we can
choose a ∈ K (a ≠ 0 and 1 and a.n). Then 1 – aα is a nontrivial
unit in K[〈G ∪ I〉] with inverse
a
b=
(an − 1)
choose
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b' =

Ia

an − I
then I – b′α is the neutrosophic inverse of 1 – aα.
Now we illustrate this theorem by the following example:
Example 3.2.7: Let K = Q, the field of rationals. Take 〈G ∪ I〉 =
{1, g, g2, g3, g4, g5, I, gI, g2I, g3I, g4I, g5I / g6 = 1 and I2 = I} as
the neutrosophic group. Q [〈G ∪ I〉] is the neutrosophic group
ring of the neutrosophic group 〈G ∪ I〉 over Q.
Take 〈H ∪ I〉 = {1, g3, I, g3I}. Let α = 1 + g3 + I + g3I ∈ Q
[〈G ∪ I〉].
x = 1 – 5α
is a nontrivial unit in K [〈G ∪ I〉] with inverse.
5
y = {1 − (1 + g 3 + I + g 3 I)}
19

xy

=

5 ⎤
⎡
(1 − 5α ) ⎢1 − α ⎥
19
⎣
⎦

=

1 − 5α −

=
=

5α 25 × 4α
+
19
19

19 − 95α − 5α + 100α
19
1.

Thus the claim.
Take
x

1 – 5α and
⎡ 5αI ⎤
y = ⎢I −
19 ⎥⎦
⎣
=

xy =

I,

which shows x, y is a neutrosophic unit of K [〈G ∪ I〉].
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In case of neutrosophic group rings we have several
interesting properties about them. There are also open problems
analogous to the ones given in group rings.
Now just for the sake of completeness, we define the notion of
two unique product neutrosophic group. Before we proceed on
to define this we define a neutrosophic ordered group.
DEFINITION 3.2.5: Let G be an ordered group (i.e., G admits a
strict linear ordering < such that x < y implies xz < yz and zx <
zy for all z ∈ G).
We say the neutrosophic group generated by this ordered
group G and I i.e., 〈G ∪ I〉 is said to be neutrosophic ordered if
xI < yI then (zI) xI < (zI) yI and (xI) zI < (yI) (zI) for all zI
∈ {〈G ∪ I〉} \ G.
Note: If x < y then we cannot in general say xI < yI it may so
happen yI < xI. Thus the neutrosophic order in general need not
preserve the order. If G is ordered under ‘<’ the neutrosophic
part of 〈G ∪ I〉 have the preservations of order under <; i.e., if x
< y, x, y G then xI < yI may occur or may not occur.

Now we have the following interesting notion:
If G is an ordered group under ‘<’ and if the neutrosophic
part of the group 〈G ∪ I〉 is also ordered under the ‘<’ then we
call the neutrosophic group to be strongly ordered. In general all
strongly ordered neutrosophic groups are ordered neutrosophic
group and not conversely.
Also it is pertinent to note we do not compare an ordinary
group element with a neutrosophic group element i.e., x and xI
cannot be compared or ordered, also x and yI cannot be
compared or ordered even in case of strongly ordered
neutrosophic group.
Having defined the notion of ordered neutrosophic group
now we proceed on to define the notion of t-u-p neutrosophic
group and u-p neutrosophic group.
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DEFINITION 3.2.6: A group is said to be a u-p group (unique
product group) if given any two nonempty finite subsets A and B
of G then there exists atleast one element x ∈ G which has a
unique representation in the form x = ab with a ∈ A and b ∈ B.

We say the neutrosophic group 〈G ∪ I〉 is said to be a two
unique product neutrosophic group if given any two non empty
finite subsets A and B of G, then there exists atleast one element
x in G which has a unique representation in the form x = ab
with a ∈ A and b ∈ B and if for any finite subsets A and B of 〈G
∪ I〉 there exist at least one element x in 〈G ∪ I〉 (x can be
neutrosophic) which has a unique representation in the form x
= ab with a ∈ A and b ∈ B.

On similar lines we can define neutrosophic unique product
group. Several interesting problems can be raised in this
direction. The reader is expected to define strong unique
product neutrosophic group and illustrate them with examples.
Now we prove some properties of neutrosophic modules in
neutrosophic group rings. To this end we define the notion of
neutrosophic modules.
DEFINITION 3.2.7: A neutrosophic R-module V is a
neutrosophic abelian group with law of composition written as
“+” together with a scalar multiplication R × V → V written as
r, v
rv where r ∈ R (R is a commutative ring) and v ∈ V;
satisfies these axioms.

1. v
r .I
1. I
(rs)v
(r + s)v
r (v+v’)

=
=
=
=
=
=

for all r, s ∈ R and v, v’ ∈ V.
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v
rI
I
r (sv)
rv + sv
rv + rv’

Note: Just in the definition of R-module we have replaced the
abelian group by a neutrosophic abelian group; all other factors
remain the same.

We first illustrate this by the following example:
Example 3.2.8: Let R [〈G ∪ I〉] be a neutrosophic group ring. R
a commutative ring with unit, R [〈G ∪ I〉] is a neutrosophic Rmodule as R [〈G ∪ I〉] is an additive abelian group under usual
addition ‘+’. i.e., R × R[〈G ∪ I〉] → R[〈G ∪ I〉] satisfies all the
axioms of the neutrosophic R-module.

Now we just make a mention of the definition of the
neutrosophic submodule. Let V be an abelian neutrosophic
group. R a commutative ring, V be a neutrosophic R-module. A
proper-subset P of V is said to be a neutrosophic submodule of
the R-module V if P is a nonempty set which is closed under
addition and scalar multiplication. If the subset P of V is not a
neutrosophic subgroup of V then P is not a neutrosophic
submodule but only a module of V. It may still happen that the
proper subset P of V is a pseudo neutrosophic subgroup in
which case we call P the pseudo neutrosophic submodule.
Now we proceed on to illustrate them by an example.
Example 3.2.9: Let Z be the ring of integers and 〈G ∪ I〉 = {1,
g, g2, g3, g4, g5, I gI, g2I, g3I, g4I, g5I / g6 = 1 and I2 = I}. Z [〈G ∪
I〉] is a neutrosophic group ring. In fact Z [〈G ∪ I〉] is also an
additive abelian neutrosophic group and Z[〈G ∪ I〉] is a
neutrosophic Z module.
Z[G] is a subgroup of the neutrosophic group Z[〈G ∪ I〉]
and Z[G] is a submodule of Z[〈G ∪ I〉]. Z[〈H ∪ I〉] where 〈H ∪
I〉 = {1, g2, g4, I g2I, g4I} is a neutrosophic subgroup of Z[〈G ∪
I〉] and Z[〈H ∪ I〉] is a neutrosophic Z-submodule of Z[〈G ∪ I〉].
Take P = {0, n (1 + g + g2 + g3 + g4 + g5 + I + gI + g2I + g3I
4
+ g I + g5I) / n ∈ Ζ}. P is a pseudo neutrosophic Z submodule of
Z[〈G ∪ I〉].
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It is interesting to note that all neutrosophic subgroups need not
be neutrosophic submodules. Reader can construct examples for
all these situations.
Note: To develop the notion of Jordan Holder theorem in case
of neutrosophic K [〈G ∪ I〉] modules we need to develop the
concept of full neutrosophic ring matrices over the neutrosophic
field 〈K ∪ I〉. Thus at this stage we have only limited sources
about the properties of neutrosophic rings.

Now we proceed on to define the notion of homomorphism of
neutrosophic group rings.
DEFINITION 3.2.8: Let R (〈G ∪ I〉) and S (〈H ∪ I〉) be any two
neutrosophic group rings. A map φ from R (〈G ∪ I〉) to S (〈H ∪
I〉) is said to be a neutrosophic group ring homomorphism; if
the following conditions are satisfied by φ :

1. φ (0) = 0
2. φ (I) = I
3. φ (1) = 1
4. φ (a + b) = φ (a) + φ (b) and
5. φ (ab) = φ (a). φ (b)
for all a, b, ∈ R (〈G ∪ I〉).

The notion of neutrosophic isomorphism, neutrosophic
automorphism are defined as in case of rings. One of the
important notions to be noted is that kernel of any neutrosophic
homomorphism is never a neutrosophic subring as φ (I) = I.
The kernel of any neutrosophic homomorphism of any
neutrosophic group ring can only be either 0 or a subring and
never a neutrosophic subring. Thus the kernel can never be a
neutrosophic ideal. This is the marked difference between usual
homomorphism of rings and homomorphism of neutrosophic
rings. Thus the notion of quotient neutrosophic ring using kernel
(φ a neutrosophic ring homomorphism) never arises in case of
neutrosophic ring homomorphism.
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Now as in case of group rings and rings we can define the
notion of neutrosophic prime rings. In the first place it is
important to note that a neutrosophic ring can never have ideals
which are not neutrosophic i.e., all ideals in a neutrosophic
group ring are neutrosophic ideals so we can only define a
neutrosophic prime ring.
DEFINITION 3.2.9: Let R (〈G ∪ I〉) be a neutrosophic group
ring. A neutrosophic ideal P of R (〈G ∪ I〉) is said to be
neutrosophic prime if R / P is a neutrosophic prime ring. (We
say a neutrosophic group ring is neutrosophic prime if the
neutrosophic group ring R (〈G ∪ I〉) have neutrosophic ideals
A, B in R (〈G ∪ I〉) with AB = 0 implies A = 0 or B = 0).
This P is a neutrosophic prime ideal of R (〈G ∪ I〉) if and
only if for all neutrosophic ideals A, B ⊆ R we have AB ⊂ P
implies A ⊆ P or B ⊆ P. We say R (〈G ∪ I〉) is neutrosophic
prime if the intersection of all prime ideals of R(〈G ∪ I〉) is
generated by 〈0, I〉 or just {0, I}.
Example 3.2.10: Let Z2 [〈G ∪ I〉] be the neutrosophic group ring
where (〈G ∪ I〉) = {1, g, I, g I / g2 = 1 and I2 = I}. Z2 (〈G ∪ I〉) is
not a neutrosophic semiprime ring for P = {(1 + g), (I + gI), 1 +
g + gI + I, 0}. Clearly P2 = 0 and P is a neutrosophic ideal of
Z2(〈G ∪ I〉). So Z2(〈G ∪ I〉) is a neutrosophic ring which is not
semiprime.

Now we proceed on to find means to give any non trivial class
of semiprime neutrosophic group rings. Thus a neutrosophic
group ring R (〈G ∪ I〉) (ring) is semiprime if and only if R (〈G
∪ I〉) contains no nonzero ideal with square zero.
Using this definition we have the following nice result.
THEOREM 3.2.2: Let K be a field of characteristic zero. Then
K(〈G ∪ I〉), the neutrosophic group ring of the neutrosophic
group (〈G ∪ I〉) over K is semiprime.
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Proof: Suppose the neutrosophic group ring K (〈G ∪ I〉) is not
semiprime; then we have the neutrosophic group ring that
contains a neutrosophic nonzero-ideal A with A2 = 0. Let
n

α = ∑ k i x i ∈ A, α ≠ 0
i =1

and let F be the subfield of K generated over rationals by k1, k2,
…, kn.
Then F [〈G ∪ I〉] ⊂ K [〈G ∪ I〉] and A ∩ F [〈G ∪ I〉] is a
nonzero neutrosophic ideal in F[〈G ∪ I〉] of square zero. Thus it
clearly suffices to assume that K = F or equivalently that K is
finitely generated over the rationals. This implies that K is
contained in the complex numbers C and we fix an imbedding.
Then K[〈G ∪ I〉] ⊆ C[〈G ∪ I〉] and A is a non zero
neutrosophic ideal of C[〈G ∪ I〉] with square zero. This
contradicts the Jordan theorem, which says “suppose that K is a
subfield of the complex numbers which is closed under complex
conjugation, then the neutrosophic group ring K [〈G ∪ I〉]
contains no non zero nil ideal.
Proving the results of Passman and Connell are direct as in
case of group rings.
THEOREM 3.2.3: Let K be a field of characteristic p, p > 0 and
let the neutrosophic group 〈G ∪ I〉 have no elements of order p.
(if G has no elements of order p clearly the neutrosophic group
〈G ∪ I〉 will not have elements of order p). Then the
neutrosophic group ring K [〈G ∪ I〉] has no non zero
neutrosophic nil ideals.

{

}

∆ I = ∆ ( G ∪ I ) = x ∈ G ∪ I / ⎣⎡ G ∪ I : c (GX∪) I ⎦⎤ ≺ ∞ .
The following result can be easily proved by the reader
analogous to the results of group rings with appropriate
modifications.
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THEOREM 3.2.4: Let K be a field of characteristic p, p > 0. The
following are equivalent:

1.
2.
3.

K [〈G ∪ I〉] is semiprime.
∆(〈G ∪ I〉) has no elements of order p.
〈G ∪ I〉 has no finite normal subgroup or finite
normal neutrosophic subgroup with order divisible
by p.

Let us now define the center of a neutrosophic group ring K [〈G
∪ I〉].
DEFINITION 3.2.10: Let K [〈G ∪ I〉] be a neutrosophic group
ring of the neutrosophic group 〈G ∪ I〉 over K, K any field. The
neutrosophic center of the neutrosophic group ring K [〈G ∪ I〉]
denoted by
CI = {α ∈ K [ G ∪ I ]/ αβ = βα for all β ∈ K [ G ∪ I ]} .

Clearly CI ≠ φ for I and 1 ∈ CI. Further if C is the center of the
group ring KG ⊂ K [〈G ∪ I〉] then C ⊆ CI.
We have the following interesting result:
LEMMA 3.2.2: Let K [〈G ∪ I〉] be a semiprime neutrosophic
group ring with neutrosophic center CI. If α ∈C I then α is a
zero divisor in K [〈G ∪ I〉] if and only if it is a zero divisor in
CI.

Proof: Given K[〈G ∪ I〉] is a semiprime neutrosophic group
ring. Let α be a zero divisor neutrosophic or other wise in CI
(As C ⊂ CI we may have CI containing both neutrosophic zero
divisors and zero divisors). If α is a zero divisor in CI then
certainly it is a zero divisor in K [〈G ∪ I〉].
We have to prove only the converse i.e., if α is a zero
divisor (or neutrosophic zero divisor) in K [〈G ∪ I〉] to show α
is a zero divisor in CI. Let β ∈ K [〈G ∪ I〉], β ≠ 0 with αβ = 0.
Let 〈H ∪ I〉 be the neutrosophic subgroup of 〈G ∪ I〉 generated
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by support of α. Since α ∈ CI, we conclude that 〈H ∪ I〉 is a
finitely generated normal neutrosophic subgroup of 〈G ∪ I〉 with
H ⊆ ∆ (〈G ∪ I〉).
Write β =

∑β x
i

i

with βi ∈ K [〈G ∪ I〉] and with the xi in

cosets of 〈H ∪ I〉 in 〈G ∪ I〉. It follows αβi = 0 for all i.
Let T = {γ ∈ K [〈H ∪ I〉] / αγ = 0} since βi ∈ T for all i and
β ≠ 0, we conclude that T ≠ 0. Clearly T is a neutrosophic right
ideal of K [〈H ∪ I〉]. Moreover since α ∈ CI, i.e., α is central in
K [〈G ∪ I〉] and 〈H ∪ I〉 is normal in 〈G ∪ I〉 we have for x ∈ 〈G
∪ I〉, x-1 T x ⊂ K [〈H ∪ I〉] and α x–1 T x = x–1 (α T) x = 0 (if x
= g T, x–1 is then taken as g–1T.).
Thus x–1Tx ⊆ T. This yields x–1 T x = T. Thus α is a zero
divisor in CI and the result follows, As neutrosophic group rings
form a special class of neutrosophic rings we have introduced
them and have analyzed to some extent.
However we have given several examples and many
problems in the last chapter for the reader.
Now we proceed on to define other types of neutrosophic rings
using semigroups and Smarandache semigroups (Ssemigroups). As these all are illustrations of neutrosophic rings
we do not wish to dwell deep into them.
3.3 Neutrosophic Semigroup Rings and their
Generalizations

In this section we proceed on to define two types of
neutrosophic rings viz. Neutrosophic semigroup rings and
neutrosophic Smarandache semigroup rings and just give some
of their properties.
DEFINITION 3.3.1: Let R be any commutative ring with unit or a
field, 〈S ∪ I〉 a neutrosophic semigroup. The neutrosophic
semigroup ring R 〈S ∪ I〉 of the neutrosophic semigroup 〈S ∪ I〉
over the ring R is defined analogous to neutrosophic group ring
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just defined in the earlier section. R 〈S ∪ I〉 consists of all finite
formal sums of the form α =

n

∑rs

; n < ∞, ri ∈ R and si ∈ 〈S

i i

i =1

∪ I〉 satisfying the following conditions.
1. Let α, β ∈ R (〈S ∪ I〉) where

α=

n

∑ ri si and β =
i =1

m

∑t s

i i

i =1

;

α = β if and only if n = m and ri = ti for each i.
2. Let α, β ∈ R [〈S ∪ I〉],

α+β=

K

∑ (r + t ) s
i

i =1

i

i

where
n

α = ∑ ri si and β =
i =1

m

∑t s
i =1

i i

.

Clearly α + β ∈ R [〈S ∪ I〉].
3. 0 = 0s1 + … + 0sn =

n

∑ 0s

i

i =1

serves as the additive

identity in R [〈S ∪ I〉].
4. α + 0 = 0 + α = α for all α ∈ R [〈S ∪ I〉].
5. For every

α=

n

∑rs

i i

i =1

we have a uniquely defined

β = –α =

n

∑ −r s

i i

i =1

such that

α + β = α + (–α) =

n

∑ [ r + (−r )] s
i =1

i

i

i

= 0.

– α is called the inverse of α with respect to +. Thus R
[〈S ∪ I〉] is an additive abelian group.
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6. For α, β ∈ R [〈S ∪ I〉], where
n

m

i =1

j =1

α = ∑ ri si and β = ∑ t j s j
⎛

n

⎞⎛

m

⎞

⎠⎝

j =1

⎠

α .β = ⎜ ∑ ri si ⎟ ⎜ ∑ t j s j ⎟ =
⎝ i =1

where sk = si sj and tk =

∑ rt

si s j = k

i j

δ

∑t s
k =1

k k

.

Since R is a distributive structure we see R [〈G ∪ I〉] is also a
distributive structure; i.e., α [β + γ] = αβ + αγ and [α + β] γ =
αγ + βγ for all α, β, γ ∈ R [〈S ∪ I〉].

Thus R[〈S ∪ I〉] is a neutrosophic semigroup under
multiplication. So {R[〈S ∪ I〉], +, .}, is a neutrosophic ring
called the neutrosophic semigroup ring of the neutrosophic
semigroup 〈S ∪ I〉 over the ring R.
Clearly 〈S ∪ I〉 ⊆ R [〈S ∪ I〉] as 1 ∈ R; only if 〈S ∪ I〉 is a
neutrosophic monoid we may have R ⊆ R [〈S ∪ I〉].
We just give an example of a neutrosophic semigroup ring.
Example 3.3.1: Let Q be the field of rationals, [〈S ∪ I〉] be a
neutrosophic semigroup given by the following table:

0
0
1
h
k
I
hI
kI

0
0
0
0
0
0
0
0

1
0
1
h
k
I
hI
kI

h
0
h
0
h
hI
0
hI

k
0
k
h
1
kI
hI
I
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I
0
I
hI
kI
I
hI
kI

hI
0
hI
0
hI
hI
0
hI

kI
0
kI
hI
I
kI
hI
I

〈S ∪ I〉

=
≅
=

{0, 1, h, k, I, hI, kI}
{0, 1, 2, 3, I, 2I, 3I}
〈Z4 ∪ I〉 ;

the neutrosophic semigroup under multiplication modulo 4.
Now Q [〈S ∪ I〉] is the neutrosophic semigroup ring.
Now we see this neutrosophic semigroup ring has zero divisors
and nontrivial idempotents as the neutrosophic semigroup has
nontrivial zero divisors and idempotents. For take α = 3.h and β
= 8hI, αβ = 0 as h2 = 0.
As in case of group rings one can study all the properties of
neutrosophic semigroup rings. This forms yet another nice class
of neutrosophic rings which has a very rich algebraic
generalized structure.
Now we can have yet another class of neutrosophic rings
which we can define as semigroup neutrosophic rings. Here we
take basically any semigroup and a neutrosophic ring and build
the semigroup neutrosophic ring. Here also we mainly take only
commutative neutrosophic ring with unit and not pseudo
neutrosophic rings.
Thus throughout this section we assume or take only
commutative neutrosophic rings with unit, which has been
defined in the earlier chapter.
DEFINITION 3.3.2: Let S be any semigroup, 〈R ∪ I〉 be any
commutative neutrosophic ring with unit. 〈R ∪ I〉 [S] is defined
as the semigroup neutrosophic ring which consists of all finite

formal sums of the form

n

∑rs
i =1

i i

; n < ∞, ri ∈ 〈R ∪ I〉 and si ∈ S.

This semigroup neutrosophic ring is defined analogous to
the group ring or semigroup ring.
Note: Here only the ring is taken as the commutative
neutrosophic ring with unit. For in all the earlier cases we have
taken only the commutative ring with unit or a field, only now
we shift to semigroups over neutrosophic rings.

88

We just illustrate with some examples.
Example 3.3.2: Let 〈Z6 ∪ I〉 be the neutrosophic ring S the
semigroup S(3). 〈Z6 ∪ I〉 [S(3)] is a semigroup neutrosophic
ring. Clearly [〈Z6 ∪ I〉] [S(3)] is a non commutative
neutrosophic ring.

We will see yet another example which is a commutative
neutrosophic ring.
Example 3.3.3: Let 〈Z2 ∪ I〉 = {0, 1, I, 1 + I} be the
neutrosophic ring of characteristic 2 and S = {0, 1, g, h, k, e}
under multiplication given by the following table:

0
1
g
h
k
e

0
0
0
0
0
0
0

1
0
1
g
h
k
e

g
0
g
k
0
g
k

h
0
h
0
h
0
h

k
0
k
g
0
k
g

e
0
e
k
h
g
1

Clearly S = the semigroup isomorphic with Z6 = {0, 1, 2, …, 5}
under multiplication modulo 6.
Further S is a monoid with zero divisors and idempotents. [〈Z2
∪ I〉][S] is the semigroup neutrosophic ring of finite order
which is commutative. Thus by this method we can find several
other neutrosophic rings.
(1 + h)2

=
=

1 + h2 + 2h
1 + h,

is the nontrivial idempotent.
(I + hI)2

=

1 + hI;

is a nontrivial neutrosophic idempotent of [Z2 ∪ I] [S].
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(1 + g + k) (1+ g)

=

(1 + g + k + g + k + g) = 1 + g,

is not an idempotent or zero divisor. Take
(1 + g + k) (1 + g + k) =
=

1+g+k+g+k+g+k+g+k
1.

Thus (1 + g + k) is a unit.
Now (1 + g + k) (I + gI + kI) = I is a neutrosophic unit.
Thus we see this neutrosophic ring has neutrosophic units,
units, idempotents, neutrosophic idempotents, zero divisors and
neutrosophic zero divisors.
We can have several such interesting examples of
neutrosophic rings. On similar lines we can take a commutative
neutrosophic ring with unit and any group G and form the group
neutrosophic ring which we will first define and then illustrate it
with examples.
DEFINITION 3.3.3: Let 〈R ∪ I〉 be a commutative neutrosophic
ring with unit and G any group. The group neutrosophic ring of
the group G over the neutrosophic ring 〈R ∪ I〉 denoted by 〈R ∪
I〉 [G] consists of all finite formal sums of the form
n

∑ r g , n < ∞; r ∈
i =1

i

i

i

R∪I

and gi ∈ G. Take
n

n

i=1

i =1

α = ∑rg
i i and β = ∑si gi

α, β ∈ 〈R ∪ I〉 [G]; α = β if and only if ri = si and m = n for
each i. For α, β ∈ [〈R ∪ I〉] [G].
α + β = ∑ (ri + si ) gi ∈ 〈R ∪ I〉 [G].
i

0=

n

∑ 0g
i =1

i

serves as the additive identity, for each

α=

n

∑r g
i =1
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i

i

take

β=

n

∑ −α g
i

i =1

then

i

= (−α ) ,

α + β = α + (–α) = 0.

For α, β ∈ 〈R ∪ I〉 [G] define
⎛ n
⎝ i =1
= gi gj

⎞⎛
⎠⎝
and

⎞

m

α. β = ⎜ ∑ ri gi ⎟ ⎜ ∑ s j g j ⎟
=

∑t g
k

k

,

gk

j =1

tk

⎠
= ∑ ri sj.

k

Clearly α. β ∈ 〈R ∪ I〉 [G].
Thus 〈R ∪ I〉 [G] is the group neutrosophic ring of the
group G over the neutrosophic ring 〈R ∪ I〉. Clearly 〈R ∪ I〉
[G] is a neutrosophic ring, 〈R ∪ I〉 [G] is commutative if and
only if G is a commutative group.

First we give some examples of them.
Example 3.3.4: Let 〈Z12 ∪ I〉 be the neutrosophic ring. G the
cyclic group of order 12, i.e., G = 〈g / g12 = 1〉, 〈Z12 ∪ I〉[G] is
the group neutrosophic ring of the group G over the
neutrosophic ring 〈Z12 ∪ I〉. Let α = 6 + 6g6. α2 = 36 + 36 + 2.36
g6 = 0 (mod 12). Thus α is a zero divisor of the group
neutrosophic ring. Take α = 6 + 6g6 and β = 6I + 6g in 〈Z12 ∪ I〉
[G]. Clearly αβ = 0 is a neutrosophic zero divisor of 〈Z12 ∪ I〉
[G]. Take α = 6 + 6g and β = 2 + 6I + 4g2 + 4g3I in 〈Z12 ∪ I〉
[G]. αβ = 0 is a neutrosophic zero divisor of 〈Z12 ∪ I〉 [G].
We give yet another example.
Example 3.3.5: Let 〈Q ∪ I〉 be the neutrosophic ring of
integers, S3 be the symmetric group of degree 3. 〈Q ∪ I〉 [S3] is
the group neutrosophic ring. Clearly 〈Q ∪ I〉 [S3] is a non
commutative group neutrosophic ring. Consider (1 – p1) (1 + p1
+ p2 + p3 + p4 + p5) = 0 thus the group neutrosophic ring has
nontrivial divisors of zero. Take α = 1 – p1 and β = 1 + p1I + p2
+ p3 + p4 + p5. Cleary αβ = 0. This is a nontrivial neutrosophic
divisor of zero.
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2

⎡1
⎤
Consider ⎢ (1 + p1 + p 2 + p3 + p 4 + p5 ) ⎥
⎣6
⎦
1
=
(1 + p1 + p2 + p3 + p4 + p5 ) ,
6
so 〈Q ∪ I〉 [S3] has nontrivial idempotents.
1
If we take α = ( I + p 4 I + p5 I ) in 〈Q ∪ I〉 [S3] we have α2 =
3
α. Thus 〈Q ∪ I〉 [S3] has also non trivial neutrosophic
idempotents. Let
α

=

y

=

x.y

=
=
=

1 + p4 + p5, 1 – 5 α = x and
5α
1−
, x, y ∈ Q ∪ I [S3 ] .
14
5α
(1 − 5α ) ⎛⎜1 − ⎞⎟
⎝ 14 ⎠
25 × 3α 5α
1 − 5α +
−
14
14
70α + 75α − 5α
1–
=1− 0 .
14

Thus 〈Q ∪ I〉 [S3] has nontrivial units. In fact 〈Q ∪ I〉 [S3] has
non trivial neutrosophic units also.
3βI
For if β = 1 + p1, x = 1 – 3β and y = I –
. Clearly xy = I.
5
Several interesting problems in this direction can be defined and
innumerable examples can be given. However as our aim is to
introduce neutrosophic ring and show the existence of such new
classes of neutrosophic rings we do not go deep into group
neutrosophic rings but propose several problems analogous to
group rings in the last chapter of this book.
Next we define the notion of Smarandache semigroup
neutrosophic rings. Throughout this section when we say
Smarandache semigroup S we mean S is a semigroup and has a
proper subset A where A is a group under the operations of the
semigroup S.
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Now we see when we replace the semigroup in the
definition of semigroup neutrosophic ring by a Smarandache
semigroup (S-semigroup) what are the properties we can
enumerate specially and distinctly using the fact the Ssemigroup has a proper subset which is a group.
DEFINITION 3.3.4: Let 〈K ∪ I〉 be commutative neutrosophic
ring with unit. S be a Smarandache semigroup. The Ssemigroup neutrosophic ring 〈K ∪ I〉 [S] is defined analogous
to group neutrosophic rings, the groups will be replaced by S
semigroups. Thus 〈K ∪ I〉 [S] will be a neutrosophic ring and it
will contain all finite formal sums of the form
n

∑α s
i =1

i i

, αι ∈ 〈K ∪ I〉 and si ∈ S with n < ∞.

The S-semigroup neutrosophic ring will be commutative if and
only if the S-semigroup is commutative.

Now we proceed on to prove a nice result which show Ssemigroup neutrosophic rings can be realized as the
generalization of group neutrosophic rings.
THEOREM 3.3.1: Let S be a S semigroup, 〈K ∪ I〉 be a
neutrosophic ring. 〈K ∪ I〉 [S] be the S-semigroup neutrosophic
ring of the S-semigroup S over the neutrosophic ring 〈K ∪ I〉. 〈K
∪ I〉 [S] always contains a proper subset which is a group
neutrosophic ring.

Proof: Given 〈K ∪ I〉 [S] is a S-semigroup neutrosophic ring
where S is a S-semigroup. The fact S is a S-semigroup
guarantees of a proper subset A of S which is a group under the
operations of S. Thus 〈K ∪ I〉 [A] is a group neutrosophic ring
of the group A over the neutrosophic ring 〈K ∪ I〉. Clearly 〈K ∪
I〉 [A] is a proper subset of 〈K ∪ I〉 [S]. Hence the claim.

Now we proceed on to give an example of a S-semigroup
neutrosophic ring.
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Example 3.3.6: Let 〈Z7 ∪ I〉 be any neutrosophic ring. S = S(3)
is the S-semigroup. 〈Z7 ∪ I〉 [S(3)] is the S-semigroup
neutrosophic ring. Take T = 〈Z7 ∪ I〉 [S3], S3 ⊆ S(3) and S3 is
the symmetric group of degree 3. Clearly T is the group
neutrosophic ring of the S-semigroup neutrosophic ring.
Note: A S-semigroup neutrosophic ring can have more than one
group neutrosophic ring.

Another thing of interest is that both the group neutrosophic
ring as well S-semigroup neutrosophic ring contains a proper
subset which is a group ring. Thus it is easy to note that the
notions of S-semigroup neutrosophic ring and group
neutrosophic rings are still generalization of group rings.
THEOREM 3.3.2: Every S-semigroup neutrosophic ring contains
a proper subset which is a group ring.

Proof: Given 〈K ∪ I〉 [S] is a S – semigroup neutrosophic ring
of the S-semigroup S over the neutrosophic ring 〈K ∪ I〉.
Consider the proper subset A of S, where A is a group. Clearly
〈K ∪ I〉 [A] is a group neutrosophic ring of the group A over the
neutrosophic ring 〈K ∪ I〉. Consider K ⊆ 〈K ∪ I〉, K is a
commutative ring with unit or a field. Take KA, KA is the
group ring of the group A over the ring K. Thus KA ⊆ 〈K ∪ I〉
[A] ⊆ 〈K ∪ I〉 [S]. Hence the claim.
COROLLARY: Every group neutrosophic ring 〈K ∪ I〉 [G]
contains a proper subset which is a group ring.

Proof: Follows from the fact that 〈K ∪ I〉 [S] has a group
neutrosophic ring which has a proper subset which is a group
ring. Hence the claim.

We just illustrate this situation before we proceed on to prove
more result.
Example 3.3.7: Consider the S-semigroup neutrosophic ring
〈Z12 ∪ I〉 [S(8)]. Clearly the set Z12 S8 is the group ring
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contained in the S-semigroup neutrosophic ring 〈Z12 ∪ I〉 [S(8)]
as Z12 ⊆ 〈Z12 ∪ I〉 and S8 ⊆ S(8) is the symmetric group of
degree 8. Not only this 〈Z12 ∪ I〉 [S(8)] contains several such
group rings. For take
⎧⎪⎛1 2 3 ... 8 ⎞ ⎛ 1 2 3 4 5 6 7 8 ⎞ ⎫⎪
P = ⎨⎜
⎟,⎜
⎟⎬ ;
⎩⎪⎝1 2 3 ... 8 ⎠ ⎝ 2 1 3 4 5 6 7 8 ⎠ ⎪⎭

P is a group of order 2 and Z12 P is a group ring. Take T to be
the group generated by
⎛ 1 2 3 4 5 6 7 8⎞
g= ⎜
⎟.
⎝ 2 3 4 5 6 7 8 1⎠

Clearly T = 〈g〉 and Z12 T is a group ring of the cyclic group of
order 8 over the ring of integers Z12.
Now we see this S-semigroup neutrosophic ring 〈Z12 ∪ I〉 (S(8))
contains nontrivial zero divisors and neutrosophic zero divisors,
idempotents, neutrosophic idempotents, units and neutrosophic
units.
As our motivation is not to dwell deep into the concept of
S-semigroup neutrosophic rings but only show there exists
several classes of neutrosophic rings and such generalized rich
class happens to be the S-semigroup neutrosophic rings.
We prove just a condition for the S-semigroup neutrosophic
ring to have proper zero divisors and non trivial units.
THEOREM 3.3.3: Let S be a finite S-semigroup and 〈K ∪ I〉 any
neutrosophic ring. Then 〈K ∪ I〉 [S] has proper divisors of zero
and neutrosophic divisors of zero. Further if |K| > 3, [〈K ∪ I〉]
[S] has non trivial units and neutrosophic units.

Proof: Given S is a finite S-semigroup, so S contains a finite
proper subset A which is a group. Let |A| = n.
Take α = ∑ x ∈ K ∪ I [S] .
X∈A
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Now α2 = n α so α (α – n) = 0. Thus 〈K ∪ I〉 [S] has proper
divisors of zero.
If we take α = ∑ Ix then α2 = n I α so α(α – nI) = 0. Thus
x∈A

〈K ∪ I〉 [S] has non trivial neutrosophic zero divisors. Consider
d ∈ K with d ≠ 0 or 1 once |K| > 3, x = 1 – dα is a nontrivial
dα
unit in 〈K ∪ I〉 [S] with inverse y = 1 −
i.e., xy = 1.
(dn − 1)
Hence the claim.

Now we illustrate this theorem by the following example:
Example 3.3.8: Let 〈Q ∪ I〉 [S(5)] be the S-semigroup
neutrosophic ring. Let
⎧⎪ ⎛ 1 2 3 4 5 ⎞ ⎫⎪
H= ⎨ ⎜
⎟ ⎬
⎪⎩ ⎝ 2 3 4 5 1 ⎠ ⎪⎭
be the group generated by
⎛ 1 2 3 4 5⎞
⎜
⎟.
⎝ 2 3 4 5 1⎠
Let
⎛ 1 2 3 4 5⎞
⎜
⎟ =g
⎝ 2 3 4 5 1⎠
then

⎪⎧ ⎛ 1 2 3 4 5 ⎞
⎪⎫
2
3
4
5
H = ⎨e = ⎜
⎟ = 1, g, g ,g ,g ,g = e = 1⎬ .
⎪⎩ ⎝ 2 3 4 5 1 ⎠
⎪⎭
Take α = 1 + g + g2 + g3 + g4, α2 = 5α so α (α – 5) = 0. Clearly
α ≠ 0 and α ≠ 5. Hence α is a nontrivial divisor of zero.
Take
x = 1 – 3α
and
y = 1−
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3α
.
14

Consider
xy

=

⎛ 3α ⎞
(1 – 3α) ⎜ 1 −
⎟
⎝ 14 ⎠

=

1 − 3α −

=

1−

3α 45α
+
14 14

42α 3α 45α
−
+
= 1.
14 14 14

Thus 〈Q ∪ I〉 [S(5)] has non trivial divisors of zero and
nontrivial units. Take
α1 = I. 1 + Ig + Ig2 + Ig3 + Ig5,
α 21 = 5 α1 and α1 (α1 – 5) = 0.
Thus α1 is a neutrosophic zero divisor.
Several such results can be proved. We have given for the
interested reader many problems in the last chapter of this book.
With the study of these group neutrosophic rings, neutrosophic
group rings, semigroup neutrosophic rings and neutrosophic
semigroup rings, one natural question that would rise in the
minds of the readers in what will be the algebraic structure
when we take both the group and the ring to be neutrosophic.
The answer is we can define and we will call them as only
strong or generalized structures for they will also continue to be
a neutrosophic rings. To this end we make the following
definition.
DEFINITION 3.3.5: Let 〈G ∪ I〉 be a neutrosophic group of 〈K ∪
I〉 be a neutrosophic field or a commutative neutrosophic ring
〈K ∪ I〉 [〈G ∪ I〉] is defined to be a neutrosophic group
neutrosophic ring which consists of all finite formal sums of the

form

n

∑α g ; n < ∞
i =1

i

i

αi ∈ 〈K ∪ I〉 and gi ∈ 〈G ∪ I〉.
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This algebraic structure has a ring structure, for this
neutrosophic group neutrosophic ring is defined by replacing a
group by a neutrosophic group and the ring by a neutrosophic
ring.
It is clear that neutrosophic group neutrosophic ring is a
neutrosophic ring with unit. Neutrosophic group neutrosophic
ring will be commutative if and only if the neutrosophic group
is commutative.
We illustrate this by the following examples:
Example 3.3.9: Let 〈Z ∪ I〉 be the neutrosophic ring of integers
and 〈G ∪ I〉 = {1, g, g2, I, gI, g2I/ g3 = 1 and I2 = I} be the
neutrosophic group. Then 〈Z ∪ I〉 [〈G ∪ I〉] is the neutrosophic
group neutrosophic ring. This is a most generalized algebraic
structure. This contains non trivial zero divisors and units. For
(1 – g) (1 + g + g2) = 0 is a zero divisor. (I – Ig) (1 + g + g2) = 0
is the neutrosophic zero divisor.
This is clearly an infinite commutative neutrosophic ring of
characteristic zero but is not a neutrosophic integral domain.
Now we give yet another example of a commutative finite
neutrosophic ring built using a neutrosophic group and a
neutrosophic ring.
Example 3.3.10: Consider the neutrosophic ring 〈Z2 ∪ I〉 and
the neutrosophic group 〈G ∪ I〉 = {1, g, g2, g3, g4, g5, g6, g7, I, gI,
g2I, g3I, g4I, g5I, g6I, g7I/ g8 = 1 and I2 = I}.
Clearly the neutrosophic group neutrosophic ring 〈Z2 ∪ I〉
(〈G ∪ I〉) is a commutative finite neutrosophic ring having non
trivial divisors of zero, both neutrosophic and ordinary; for take

x = (1 + g2 + g4 + g6),
y = (1 + g2) in 〈Z2 ∪ I〉 [〈G ∪ I〉].
Clearly x . y = 0. So x, y is a zero divisor.
Take
α = 1 + g4 and
β = I + g2 + Ig4 +g6 in 〈Z2 ∪ I〉 [〈G ∪ I〉].
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αβ =
=

(1 + g4) (1 + g2 + g4I + g6)
I + g2 + g4I + g6 + Ig4 + g6 + I + g2 = 0.

Thus αβ is a neutrosophic zero divisor of 〈Z2 ∪ I〉 [〈G ∪ I〉].
Example 3.3.11: Let 〈Z2 ∪ I〉 be the neutrosophic ring and 〈G ∪
I〉 = {1, g, g2, g3, g4, g5, I, gI, g2I, g3I, g4I, g5I/ g6 = 1 and I2 = I}
be the neutrosophic group. 〈Z2 ∪ I〉 [〈G ∪ I〉] is the neutrosophic
group neutrosophic ring.
Consider α = (1 + g2 + g4) in 〈Z2 ∪ I〉 [〈G ∪ I〉]. α2 = α thus
α is an idempotent of the neutrosophic group neutrosophic ring.
If we take α1 = I + g2I + g4I in 〈Z2 ∪ I〉 [〈G ∪ I〉]. Clearly α21 =
α1 and α1 is a neutrosophic idempotent of 〈Z2 ∪ I〉 [〈G ∪ I〉].
Take β = 1 + g3.
Clearly β2 = 0 so is a zero divisor. If we take α = 1 + g3 and
γ = I + g +g2 + g3I + g4 + g5 in 〈Z2 ∪ I〉 [〈G ∪ I〉] then αγ = 0, α,
γ is a neutrosophic zero divisor.

Now we proceed on to give an example of a non commutative
neutrosophic group neutrosophic ring.
Example 3.3.12: Take 〈Z3 ∪ I〉 to be a neutrosophic ring. Let 〈G
∪ I〉 = 〈D26 ∪ I〉 = {1, a, b, b2, b3, b4, b5, ab, ab2, ab3, ab4, ab5, I,
aI, bI, b2I, b3I, b4I, b5I, abI, ab2I, ab3I, ab4I, ab5I / a2 = 1, b6 = 1
and I2 = I with bab = a} be a non-commutative neutrosophic
group. Then 〈Z3 ∪ I〉 [〈D26 ∪ I〉] is a non commutative finite
neutrosophic group neutrosophic ring.
It is left as an exercise for the reader to determine both
neutrosophic and ordinary zero divisor, idempotents and units in
〈Z3 ∪ I〉 [〈D26 ∪ I〉].

Now we have got the following interesting results which can be
made use of while studying the properties of these algebraic
structure.
THEOREM 3.3.4: Every neutrosophic group neutrosophic ring
contains a proper subset which is a neutrosophic group ring.
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Proof: Given 〈R ∪ I〉 [〈G ∪ I〉] is a neutrosophic group
neutrosophic ring. Consider the proper subset T = R [〈G ∪ I〉] in
〈R ∪ I〉 [〈G ∪ I〉]; Clearly T is a neutrosophic group ring.
For if we consider the example 3.3.12, Z3[〈D26 ∪ I〉] is the
neutrosophic group ring contained in the neutrosophic group
neutrosophic ring 〈Z3 ∪ I〉 [〈D26 ∪ I〉].
It is seen that neutrosophic group neutrosophic ring is the
most generalized form. For we see it contains group ring and
group neutrosophic ring as proper subsets.
The proofs of these can be got in an analogous way. The
interested reader can develop an algebraic structure analogous
to the group ring. The problems given in the last chapter will be
helpful to researchers for constructing these structures.
We define the ideals in these neutrosophic group
neutrosophic ring as strong neutrosophic ideals. However we
can have all types of subrings but only strong neutrosophic
ideals. This is a marked difference between the ideals and
subrings in neutrosophic group neutrosophic rings. One can
define the notion of strong neutrosophic maximal ideals, strong
neutrosophic minimal ideals, strong neutrosophic prime ideals
and so an.
Now we proceed on to define some more special structures now
only in case of these group neutrosophic rings, semigroup
neutrosophic rings, neutrosophic group rings, neutrosophic
semigroup rings and S-semigroup neutrosophic rings.
DEFINITION 3.3.6: Let 〈K ∪ I〉 [G] be a group neutrosophic
ring. If KG the group ring is semisimple we call the group
neutrosophic ring to be pseudo semisimple.

Now we define when a semigroup neutrosophic ring is pseudo
semisimple.
DEFINITION 3.3.7: Let 〈K ∪ I〉[S] be a semigroup neutrosophic
ring of a semigroup S over the neutrosophic ring 〈K ∪ I〉. If the
semigroup ring KS is semisimple then we call 〈K ∪ I〉 [S] to be
pseudo semisimple.
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Now we define when are neutrosophic group rings and
neutrosophic semigroup rings pseudo semisimple.
DEFINITION 3.3.8: Let K[〈G ∪ I〉] be a neutrosophic group
ring. We say K [〈G ∪ I〉] is pseudo semisimple if KG the group
ring contained in K [〈G ∪ I〉] is semisimple.

Now we say when the neutrosophic semigroup ring K [〈S ∪ I〉]
is pseudo semisimple.
DEFINITION 3.3.9: Let K[〈S ∪ I〉] be a neutrosophic semigroup
ring of the neutrosophic semigroup 〈S ∪ I〉 over the field K or a
commutative ring with unit. We say K[〈S ∪ I〉] to be pseudo
semisimple if KS the semigroup ring of the semigroup S over the
ring K is semisimple.

Interested reader can characterize pseudo semisimple rings.
Now we proceed on to define Smarandache semisimple in case
of S-semigroup neutrosophic rings.
DEFINITION 3.3.10: Let 〈K ∪ I〉 [S] be a S-semigroup
neutrosophic ring. Let A be a proper subset of S which is a
group. If the group ring KA is semisimple then we say 〈K ∪ I〉
[S] is a Smarandache semisimple (S-semisimple).

Now we proceed on to define the notion of pseudo domain or
pseudo division ring.
DEFINITION 3.3.11: Let 〈K ∪ I〉 [G] be any group neutrosophic
ring of the group G over the neutrosophic ring 〈K ∪ I〉. We say
〈K ∪ I〉 [G] to be a pseudo domain or a pseudo division ring if
the group ring KG ⊆ 〈K ∪ I〉 [G] is embeddable in a domain or
a division ring respectively.
Note: In case of semigroup neutrosophic ring 〈K ∪ I〉 [S] where
S is a semigroup and 〈K ∪ I〉 any neutrosophic ring, if the
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semigroup ring KS ⊆ 〈K ∪ I〉 [S] is embeddable in a domain or
a division ring then we say the semigroup neutrosophic ring is a
pseudo domain or pseudo division ring respectively.
Further when we have a neutrosophic group ring K[〈G ∪ I〉]
where K is a field or a commutative ring with unit and 〈G ∪ I〉 a
neutrosophic group, we say K [〈G ∪ I〉] to be a pseudo domain
or a pseudo division ring if the group ring KG ⊆ K[〈G ∪ I〉] is
embeddable in a domain or a division ring respectively.
Suppose K[〈S ∪ I〉] be a neutrosophic semigroup ring of the
neutrosophic semigroup 〈S ∪ I〉 over the ring K, we say K[〈S ∪
I〉] is a pseudo domain or a pseudo division ring if the
semigroup ring KS ⊆ K[〈S ∪ I〉] is embeddable in a domain or a
division ring respectively. Several interesting properties in this
direction can be derived.
Now on similar lines we can define the notion of pseudo prime
and pseudo semiprime in case of the 4 types of neutrosophic
rings viz. group neutrosophic ring, semigroup neutrosophic ring,
neutrosophic group ring and neutrosophic semigroup ring. Just
we define it in case of group neutrosophic ring and neutrosophic
group ring, the definition for the other two types follows in an
analogous way.
DEFINITION 3.3.12: Let 〈K ∪ I〉 [G] be a group neutrosophic
ring of the group G over the neutrosophic ring 〈K ∪ I〉. We say
〈K ∪ I〉 [G] is pseudo prime if KG ⊆ 〈K ∪ I〉 [G] is prime. We
say the group neutrosophic ring 〈K ∪ I〉 [G] is pseudo
semiprime if KG ⊆ 〈K ∪ I〉 [G] is semiprime.
If K [〈G ∪ I〉] be the neutrosophic group ring, of the
neutrosophic group 〈G ∪ I〉 over the field K (or a commutative
ring with unit K). We say the neutrosophic group ring K (〈G ∪
I〉) is pseudo prime if the group ring KG ⊆ K[〈G ∪ I〉] is prime.
Similarly K[〈G ∪ I〉] is pseudo semiprime if KG ⊆ K[〈G ∪ I〉] is
semiprime.

On similar lines the reader is requested to define the notion
of pseudo prime and pseudo semiprime in case of neutrosophic
semigroup rings and semigroup neutrosophic rings.
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Now when we speak of neutrosophic group neutrosophic
ring we say [〈R ∪ I〉] [〈G ∪ I〉] is weakly pseudo semiprime if
one of the subsets which is a group neutrosophic ring 〈R ∪ I〉
[G] or the neutrosophic group ring R[〈G ∪ I〉] is pseudo
semiprime similarly we say the neutrosophic group
neutrosophic ring [〈K ∪ I〉] [〈G ∪ I〉] is weakly pseudo prime if
the neutrosophic group ring K [〈G ∪ I〉] or group neutrosophic
ring 〈K ∪ I〉 [G] is pseudo prime.
On similar lines we define weak pseudo domain or weak
pseudo division ring in the neutrosophic group neutrosophic
ring if the group neutrosophic ring [〈K ∪ I〉][G] or neutrosophic
group ring K [〈G ∪ I〉] is a pseudo domain or a pseudo division
ring.
Like wise we define the notion of weak pseudo semisimple.
Now we define the notion of neutrosophic group neutrosophic
ring to satisfy a pseudo polynomial identity.
DEFINITION 3.3.13: Let 〈K ∪ I〉 [〈G ∪ I〉] be a neutrosophic
group neutrosophic ring we say 〈K ∪ I〉 [〈G ∪ I〉] satisfies a
pseudo polynomial identity of degree n if K[〈G ∪ I〉] or [〈K ∪
I〉] [G] satisfies a polynomial identity of degree n.

Now we can define neutrosophic semigroup neutrosophic ring.
DEFINITION 3.3.14: Let 〈K ∪ I〉 be a neutrosophic ring and 〈S
∪ I〉 neutrosophic semigroup. 〈K ∪ I〉 [〈S ∪ I〉] is defined as the
neutrosophic semigroup neutrosophic ring analogous to
neutrosophic group neutrosophic ring where the neutrosophic
group is replaced by the neutrosophic semigroup. Thus 〈K ∪ I〉
[〈S ∪ I〉], the neutrosophic semigroup neutrosophic ring

consists of all finite formal sums of the form

n

∑k s
i =1

i i

where n < ∞

and ki ∈ 〈K ∪ I〉 and si ∈ 〈S ∪ I〉.
It is a matter of routine to verify 〈K ∪ I〉 [〈S ∪ I〉] is a
neutrosophic ring. It is still interesting to note that the
neutrosophic semigroup neutrosophic ring contains the
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following nice substructure viz. semigroup neutrosophic ring 〈K
∪ I〉 [S] and neutrosophic semigroup ring K〈S ∪ I〉.
All concepts defined for neutrosophic group neutrosophic
rings can be defined for this class of neutrosophic ring keeping
in mind that we have a semigroup instead of a group. Now we
still proceed on to define a still generalized class of
neutrosophic rings.
We call a neutrosophic semigroup 〈S ∪ I〉 to be a
Smarandache neutrosophic semigroup if 〈S ∪ I〉 contains a
proper subset P, such that P is a group under the operations of
〈S ∪ I〉; we just illustrate by an example a S- neutrosophic
semigroup.
Example 3.3.13: Let 〈Z ∪ I〉 be a neutrosophic semigroup under
multiplication ×.P = {1, –1, x} is a semigroup. Thus (〈Z ∪ I〉, ×)
is a S- neutrosophic semigroup.

For more about S- neutrosophic semigroup refer [142-3].
Now we define the notion of S- neutrosophic semigroup
ring and S- neutrosophic semigroup neutrosophic rings.
DEFINITION 3.3.15: Let K be any ring 〈S ∪ I〉 be a Sneutrosophic semigroup. K[〈S ∪ I〉] is the S- neutrosophic
semigroup ring of the S- neutrosophic semigroup [〈S ∪ I〉] over
the ring K. K [〈S ∪ I〉] consists of all finite formal sums of the

form

n

∑α s
i =1

i i

where αi ∈ K and si ∈ 〈S ∪ I〉 and n < ∞. As in

case of S semigroup neutrosophic rings it can be easily verified
that K[〈S ∪ I〉] satisfies a ring structure. In fact K [〈S ∪ I〉] is a
neutrosophic ring of a special type.
Further K[〈S ∪ I〉] is a generalized structure for it contains all
subsets which are neutrosophic semigroup rings. S-semigroup
rings.
First we illustrate this structure by the following example:
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Example 3.3.14: Let 〈S ∪ I〉 be the S- neutrosophic semigroup
given by the following table:

*
0
g1
g2
g3
I = g1I
g2 I
g3 I

0
0
0
0
0
0
0
0

g1
0
g1
g2
g3
I
g2 I
g3I

g2
0
g2
0
g2
g2I
0
g2I

g3
0
g3
g2
g1
g3I
g2 I
I

g1 I = I
0
I
g2I
g3I
I
g2I
g3I

g2I
0
g2I
0
g2 I
g2I
0
g2 I

g3 I
0
g3 I
g2I
I
g3 I
g2I
I

P = {g1, g3} is a group under * contained in 〈S ∪ I〉 so 〈S ∪ I〉 is
a S- neutrosophic semigroup.
Take Q to be the field of rationals Q[〈S ∪ I〉] is Sneutrosophic semigroup ring.
Now we define still a generalized structure viz. the Sneutrosophic semigroup neutrosophic ring, 〈K ∪ I〉 [〈S ∪ I〉]
where 〈K ∪ I〉 is a neutrosophic ring and 〈S ∪ I〉 is a Sneutrosophic semigroup. 〈K ∪ I〉 [〈S ∪ I〉], the S- neutrosophic
semigroup neutrosophic ring is a neutrosophic ring and it is
defined analogous to neutrosophic group neutrosophic ring.
It consists as usual finite formal sums of the form
n

∑ α s ;n < ∞ , αi ∈ 〈K ∪ I〉 and si ∈ 〈S ∪ I〉.
i =1

i i

This S neutrosophic semigroup neutrosophic ring is
commutative if and only if 〈S ∪ I〉 is commutative. 〈K ∪ I〉 [〈S
∪ I〉] is Smarandache commutative if and only if every proper
subset of 〈S ∪ I〉 which is a group under the operations of 〈S ∪
I〉 is commutative. Smarandache weakly commutative if and
only if 〈S ∪ I〉 has atleast a proper subset A, which is a
commutative group under the operation of 〈S ∪ I〉.
It is still interesting to note that S- neutrosophic semigroup
neutrosophic ring 〈K ∪ I〉 [〈S ∪ I〉] is the most generalized
structure among the neutrosophic rings defined for it contains a
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proper semigroup ring KS. It contains a proper S-semigroup
ring KS, it contains a S-semigroup neutrosophic ring 〈K ∪ I〉
[S], it contains a neutrosophic semigroup ring K[〈S ∪ I〉] and a
S- neutrosophic semigroup ring K [〈S ∪ I〉].
Thus this is the presently known rich structure among
neutrosophic rings for it contains also group rings, group
neutrosophic rings and neutrosophic group ring and
neutrosophic group neutrosophic ring given by the sets KA, (A
⊆ 〈S ∪ I〉 is a group), 〈K ∪ I〉 [A], K〈A ∪ I〉 and 〈K ∪ I〉 [〈A ∪
I〉] respectively.
Now we have so far discussed only about the pseudo
neutrosophic rings and pseudo neutrosophic ideals in
neutrosophic rings.
First we have found it very difficult get pseudo
neutrosophic rings which contain the unit. Only when we can
find a non trivial class of pseudo neutrosophic rings with unit
which are commutative we would be in a position to define the
notion of group pseudo neutrosophic rings, semigroup pseudo
neutrosophic rings and so on. We have given several examples
of pseudo neutrosophic rings but they do not contain unit.
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Chapter Four

SUGGESTED PROBLEMS

In this chapter we have suggested 246 number of problems for
the researcher. We do this mainly to attract students towards this
new notion of neutrosophic rings. Further it is pertinent to
mention that some problems are simple, some little difficult and
some problems can be taken as open problems for further
research.

1. Find all the ideals in the neutrosophic group ring, Z2 〈G ∪ I〉
where G = 〈1, g, g2, …, g11, I, gI, g2I, …, g11I / g12 = 1 and I2
= I〉 .
2. Does the neutrosophic group ring Z2 〈G ∪ I〉 defined in
problem 1 have pseudo neutrosophic ideals?
3. Does the neutrosophic group ring Z2 〈G ∪ I〉 defined in
problem 1 have neutrosophic subrings which are not
neutrosophic ideals?
4. Let Z 〈G ∪ I〉 be the neutrosophic group ring of the group
〈G ∪ I〉 = {1, g, g2, …, g6, I, gI, g2I, …, g6I / g7 = 1 and I2 =
I}. Does Z〈G ∪ I〉 have a minimal neutrosophic ideal?
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5. Can Z〈G ∪ I〉 given in problem 4 have a maximal
neutrosophic ideal? How many maximal neutrosophic ideals
does Z 〈G ∪ I〉 have?
6. Is all neutrosophic ideals (of the group rings Z〈G ∪ I〉 given
in problem 4) in Z〈G ∪ I〉 principal?
7. Does neutrosophic group ring Z〈G ∪ I〉 given in problem 4
have prime neutrosophic ideals?
8. Does the neutrosophic group ring Z〈G ∪ I〉 given in
problem 4 satisfy ACC condition or DCC condition on
ideals?
9. Does the neutrosophic group ring Z(〈G ∪ I〉) given in
problem 4 have any pseudo neutrosophic ideal?
⎧⎪⎛ a b ⎞ ⎫⎪
10. Let 〈G ∪ I〉 = { ⎨⎜
⎟ ⎬ , a, b, c, d, ∈ 〈Z3 ∪ I〉; the
⎪⎩⎝ c d ⎠ ⎪⎭
neutrosophic ring of integers modulo 3 and ad – bc ≠ 0}.
Clearly 〈G ∪ I〉 is a non commutative finite group. Z (〈G ∪
I〉) be the neutrosophic group ring of 〈G ∪ I〉 over Z.
a. Does Z(〈G ∪ I〉) have neutrosophic right ideals? If
so find them.
b. Does Z(〈G ∪ I〉) have neutrosophic left ideals?
c. Find all the two sided neutrosophic ideals of Z(〈G
∪ I〉).
d. Does Z〈G ∪ I〉 have any pseudo neutrosophic
ideals?
e. Does Z〈G ∪ I〉 have any maximal neutrosophic
ideal, if any find them?
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f.

Can Z〈G ∪ I〉 have any minimal neutrosophic ideal?
Justify your claim!

g. Can Z〈G ∪ I〉 have any principal neutrosophic
ideals?
h. Does Z〈G ∪ I〉 have any prime neutrosophic ideals?
i.

Can in a neutrosophic group ring Z〈G ∪ I〉 we have
a neutrosophic ideal which is both maximal and
minimal. Justify your answer.

11. Give an example of a neutrosophic group ring which has
only neutrosophic ideals but no pseudo neutrosophic ideals.
12. Does the neutrosophic group ring Z3 (〈G ∪ I〉) where Z3 =
{0, 1, 2} and G = 〈1, g, I, gI / g2 = 1 and I2 = I} have
neutrosophic ideals? or pseudo neutrosophic ideals? Answer
your claim!
13. Does there exist a neutrosophic group ring R〈G ∪ I〉 which
has only pseudo neutrosophic ideals and no neutrosophic
ideals?
14. Let Z〈G ∪ I〉 be a neutrosophic group ring of the
neutrosophic group 〈G ∪ I〉 = {1, g, g2, …, gp-1, I, gI, g2I,
…, gp-1I / gp = 1 where p is an odd prime and I2 = I} and Z
the ring of integers. Let P = 〈0, n (1 + g + … + gp–1), n (I +
gI + …+ gp–1 I) / n ∈ Z〉 ⊆ Z (〈G ∪ I〉). Is P a pseudo
neutrosophic ideal of Z〈G ∪ I〉? Is P a neutrosophic ideal of
Z〈G ∪ I〉? Does Z〈G ∪ I〉 have infinite number of
neutrosophic ideals? Justify your claim.
15. Characterize those neutrosophic group rings, which are
loyal?
16. Give an example of a loyal neutrosophic group ring.

109

17. Give an example of a loyal neutrosophic ideal of a
neutrosophic group ring.
18. Let R〈G ∪ I〉 be given by R = Zp = {0, 1, 2, …, p – 1}; p a
prime and G = {1, g, g2, …, g18, I, gI, …, g18I / g19 = 1 and
I2 = I}. Can R〈G ∪ I〉 have any quasi neutrosophic ideals?
19. Given R〈G ∪ I〉 is a neutrosophic group ring where R = Z12
and G ∪ I = 〈{g / g16 = 1} ∪ I〉 = {1, g, …, g15, I, gI, …, g15I
/g16 = 1 and I2 = I}. Does R〈G ∪ I〉 have any neutrosophic
ideals? (If so find them explicitly).
20. Does R〈G ∪ I〉 given in problem 19 have any quasi
neutrosophic ideals? (If so find them explicitly).
21. Give an example of bonded quasi neutrosophic ideals in a
neutrosophic group ring.
22. Give an example of a loyal quasi neutrosophic ideal in a
neutrosophic ring.
23. Can the neutrosophic group ring Z〈G ∪ I〉 where 〈G ∪ I〉 =
{1, g, g2, g3, g4, g5, I, gI, g2I, g3I, g4I, g5I/ g6 = 1 and I2 = I}
have any
a. Bonded quasi neutrosophic ideals?
b. Loyal neutrosophic ideals?
Justify your claim!
24. Does their exists a bonded quasi neutrosophic ideal which is
loyal?
25. Obtain any interesting relation between the two types of
quasi neutrosophic ideals, bonded and quasi!
26. Illustrate by an example a bonded quasi neutrosophic right
ideal which is not a bonded quasi neutrosophic left ideal and
vice versa.
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27. Give an example of a loyal quasi neutrosophic left ideal of a
neutrosophic group ring which is not a loyal quasi
neutrosophic right ideal and (vice versa).
28. Suppose S is a quasi neutrosophic ideal say over two
subrings P1 and P2. Can we say any relation exists between
P1 and P2?
29. Does the neutrosophic group ring Z15 (〈G ∪ I〉) where Z15 is
the ring of integers modulo 15 and 〈G ∪ I〉 = 〈{g, g30 = 1} ∪
I〉 have
a. Quasi neutrosophic ideals?
b. Bonded quasi neutrosophic ideals?
c. Loyal quasi neutrosophic ideals?
d. Pseudo quasi neutrosophic ideals?
e. Pseudo quasi strong neutrosophic ideals?
30. Does the neutrosophic group ring R〈G ∪ I〉 where R = Z,
the ring of integers and 〈G ∪ I〉 = 〈{g / g16 = 1} ∪ I〉 = {1, g,
g2, …, g15I / g16 = 1 and I2 = I} contain
a. a bonded pseudo quasi neutrosophic ideal?
b. a strongly bonded pseudo quasi neutrosophic ideal?
Justify your claim!
31. Give an example of a neutrosophic group ring, R〈G ∪ I〉
which has only pseudo quasi neutrosophic ideals and no
strong pseudo quasi neutrosophic ideals.
32. Does their exist a neutrosophic group ring which has only
strong pseudo quasi neutrosophic ideals?
33. Give an example of a neutrosophic group ring having only
strong pseudo bonded neutrosophic ideals?
34. Illustrate by an example a neutrosophic group ring which
has only pseudo bonded neutrosophic ideals and not strong
pseudo bonded neutrosophic ideals.
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35. Does their exists a neutrosophic group ring which has no
neutrosophic idempotents and idempotents?
36. Find all the zero divisors and neutrosophic zero divisors in
the neutrosophic group ring Z12 〈G ∪ I〉 where Z12 is the
ring of integers modulo 12 and 〈G ∪ I〉 = {1, g, g2, g3, g4, g5,
I, gI, g2I, g3I, g4I, g5I / g6 =1 and I2 = I}.
37. Find all the zero divisors and neutrosophic zero divisors in
Z7 〈G ∪ I〉 where Z7 is the ring of integers modulo 7 and 〈G
∪ I〉 = {1, g, g2, g3, g4, g5, I, gI, g2I, g3I, g4I, g5I / g6 = 1 and
I2 = I}.
38. Let Zp = {0,1, 2, …, p – 1} be the ring of integers modulo p,
p a prime. 〈G ∪ I〉 be a neutrosophic group of order n. Let
Zp (〈G ∪ I〉) be the neutrosophic group ring of the
neutrosophic group 〈G ∪ I〉 over Zp.
a. Find the number of zero divisors and neutrosophic
zero divisors of Zp (〈G ∪ I〉) if p/n?
b. Does Zp (〈G ∪ I〉) have zero divisors and
neutrosophic zero divisors if (p, n) = 1.
c. Find all units and neutrosophic units in Zp 〈G ∪ I〉
when p/n and (p, n) = 1.
39. Given Z10 = {0, 1, 2, 3, 4, 5, …, 9}, the ring of integers
modulo 10. 〈G ∪ I〉 = {1, g, g2, g3, g4, I, gI, g2I, g3I g4I /g5
=1 and I2 = I} the neutrosophic group. Find all units and
neutrosophic units of Z10 (〈G ∪ I〉).
40. Does the neutrosophic group ring Z2 (〈G ∪ I〉) where 〈G ∪
I〉 = {1, g, g2, g3, g4, I, gI, g2I, g3I / g4 =1 and I2 = I} have
nontrivial units and non trivial neutrosophic units?
41. Find all idempotents and neutrosophic idempotents in the
neutrosophic group ring Z2 (〈G ∪ I〉) given in the problem
40.
42. Can a torsion free neutrosophic group over any field have
neutrosophic zero divisors and zero-divisors?
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Note: This problem is analogous to the problem of zero
divisor conjecture “Does a group ring have zero divisors?”
if G is a torsion free group over any field F.

43. Give an example of a neutrosophic unique product group,
which is not a strongly neutrosophic unique product group.
44. Give an example of a strongly neutrosophic two unique
product.
45. Can a neutrosophic unique product group ring FG over a
field F have neutrosophic divisors of zero?
46. Does a strongly neutrosophic two unique product group ring
FG over a field F have neutrosophic divisors of zero?
47. Give an example of an infinite neutrosophic group which is
not a neutrosophic unique product group.
48. Define the notion of full neutrosophic ring of matrices over
a neutrosophic ring and illustrate it with examples.
49. Illustrate by an example the notion of pseudo neutrosophic
submodule.
50. Give an example of a neutrosophic submodule which is not
a pseudo neutrosophic submodule.
51. Does their exist any pseudo neutrosophic submodule which
is a neutrosophic submodulo and vice versa?
52. Define the notion of irreducible neutrosophic module and
illustrate it by an example.
53. Is every neutrosophic ideal of a neutrosophic group ring
R(〈G ∪ I〉), a neutrosophic R-module? Justify your claim.
54. Define free neutrosophic module and illustrate it with an
example!
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55. Obtain conditions under which R (〈G ∪ I〉) ≅ S (〈H ∪ I〉)
where R and S commutative rings with unit or fields and 〈G
∪ I〉 and 〈H ∪ I〉 are neutrosophic groups?
Remarks: This is analogous to the famous isomorphism
problem for group rings, i.e., “Is RG ≅ SH? R and S fields
and G and H groups.”
This conjecture has remained open for over 3 to 4
decades. Only partial solutions are available.
56. Let Z12 (〈G ∪ I〉) and Z10 (〈H ∪ I〉) be two neutrosophic
group rings where 〈G ∪ I〉 = {1, g, g2, g3, g4, I, gI, g2I, g3I,
g4I / g5 = 1 and I2 = I} and 〈H ∪ I〉 = {1, h, h2, h3, h4, h5, I,
hI, h2I, h3I, h4I, h5I / h6 = 1 and I2 = I}.
Find a neutrosophic homomorphism from Z12 (〈G ∪ I〉) to
Z10 (〈H ∪ I〉) so that ker φ is a subring of Z12 (〈G ∪ I〉)
having some neutrosophic elements. Justify your claim.
(Hint: It may happen φ (αg I) = φ (αg). (I) where φ(αg) = 0
so that φ (αgI) = 0).
Now we propose a open problem for the reader which needs
more researching and number theoretic techniques.
57. Let Zp (〈G ∪ I〉) and Zq (〈H ∪ I〉) be two neutrosophic group
rings, where p and q are primes, p ≠ q and o〈G ∪ I〉 = 2n
and o〈H ∪ I〉 =2m. Find a necessary and sufficient condition
on p, q, m and n so that Zp (〈G ∪ I〉) ≅ Zq (〈H ∪ I〉).
a. Is it possible or not with p and q distinct primes?
b. If p and q are non primes will it be possible to find
conditions on m and n so that Zp (〈G ∪ I〉) ≅ Zq(〈H
∪ I〉)? (Assume both 〈G ∪ I〉 and 〈H ∪ I〉 are
abelian).
58. Let Z2 (〈G ∪ I〉) and Z3 (〈H ∪ I〉) be two neutrosophic group
rings where 〈G ∪ I〉 = {1, g, g2, I, gI, g2I / g3 = 1 and I2 = I}
and 〈H ∪ I〉 = {1, h, I, hI / h2 = 1 and I2 = I}. Construct a
neutrosophic group ring homomorphism with a non trivial
kernel.
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59. Let R be the field of reals. Is R (〈G ∪ I〉) ≅ R (〈H ∪ I〉)
imply 〈G ∪ I〉 ≅ 〈H ∪ I〉 as neutrosophic groups?
60. Give an example of isomorphic neutrosophic group rings
where 〈G ∪ I〉 ≠ 〈H ∪ I〉.
61. Give an example of a semiprime neutrosophic group ring.
62. Is the neutrosophic group ring Z7 (〈G ∪ I〉) where Z7 = {0,
1, 2, …, 6} ring of integers modulo 7 and 〈G ∪ I〉 = {1, g,
g2, g3, g4, g5, g6, I, gI, g2I, g3I, g4I, g5I, g6I / g7 = 1 and I2 = I}
semiprime? Justify your claim.
63. Is the group ring K (〈G ∪ I〉) where K is a field of
characteristic zero and 〈G ∪ I〉 a neutrosophic group of
finite order semiprime? Prove your claim.
64. Make some innovative definitions about neutrosophic group
rings satisfying polynomial identity.
65. Suppose 〈G ∪ I〉 is a neutrosophic group having a abelian
neutrosophic subgroup 〈A ∪ I〉 with [〈G ∪ I〉: 〈A ∪ I〉] = n <
∞, will the neutrosophic group ring K [〈G ∪ I〉] satisfy the
standard polynomial identity of degree 2n? Justify your
claim.
66. Suppose K [〈G ∪ I〉] satisfies a nontrivial polynomial
identity of degree n. Is [〈G ∪ I〉: ∆I] < |n?
67. Let K [〈G ∪ I〉] be a prime neutrosophic group ring.
Suppose K [〈G ∪ I〉] satisfies a polynomial identity of
degree n.
a. Will ∆ [〈G ∪ I〉] be torsion free and abelian?
b. Is [〈G ∪ I〉 : ∆I] < n/2? Substantiate your claim.
68. Suppose 〈G ∪ I〉 is a finitely generated group and K [〈G ∪
I〉] satisfies a polynomial identity of degree n. Is [〈G ∪ I〉 :
∆I] < n/2? Justify your answer.
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69. Let K[〈G ∪ I〉] be a semiprime neutrosophic group ring with
a or the neutrosophic center CI. α ∈ CI is a zero divisor in
K[〈G ∪ I〉] if and only if it is a zero divisor in CI. Illustrate
this by a concrete example.
70. Let K [〈G ∪ I〉] be a semiprime group ring and let α ∈ K[〈G
∪ I〉]. If α is not a right divisor of zero, then there exists γ
∈ K [〈G ∪ I〉] such that θ (αγ) is central and not a zero
divisor in K [〈G ∪ I〉]. θ : K [〈G ∪ I〉] → K [∆I] (θ is clearly
a K-linear map but not a ring homomorphism defined by if
α = ∑ k x x , θ(α ) =
∑ k x x ).
x∈ G ∪ I

x∈∆ I =∆ ( G ∪ I )

Prove the result. Illustrate this result by a example.
71. Is the neutrosophic group ring K [〈G ∪ I〉] where K = Q
(ring of rationals) and 〈G ∪ I〉 = {1, g, g2, g3, …, g14, I, gI,
…, g14I / I2 = I and g15 = 1} semiprime? Find all
neutrosophic divisors of zero and divisors of zero. Clearly
CI = K [〈G ∪ I〉].
72. Define for a neutrosophic group ring K [〈G ∪ I〉], the notion
of semisimple. Hence or otherwise define the Jacobson
radical of K[〈G ∪ I〉].
73. Find a necessary and sufficient condition for a neutrosophic
group ring K[〈G ∪ I〉] to be semisimple. If KG is
semisimple does it imply K[〈G ∪ I〉] is semisimple? If K[〈G
∪ I〉] is semisimple does it imply K[G] is semisimple?
74. Suppose the neutrosophic group 〈G ∪ I〉 has no elements of
order p and K is a field of characteristic p. Is the
neutrosophic group ring K[〈G ∪ I〉] semisimple?
75. Let Z19 [〈G ∪ I〉] be a neutrosophic group ring where Z19 =
{0, 1, 2, … 18} the prime field of characteristic 19 and 〈G
∪ I〉 = {1, g, g2, g3, g4, …, g11, I, gI, g2I, g3I, g4I, …, g11I /
g12 = 1 and I2 = I} . Is Z19 [〈G ∪ I〉] semisimple?
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76. Define the notion of solvability in case of neutrosophic
groups. Illustrate a solvable neutrosophic group by an
example.
77. Describe JK [〈G ∪ I〉]. Is it always a neutrosophic nil ideal?
78. Find a necessary and sufficient condition for a neutrosophic
group ring K [〈G ∪ I〉] to satisfy a polynomial identity.
79. Derive some interesting
neutrosophic rings.

properties

about

group

80. If G is a unique product group and 〈R ∪ I〉 the neutrosophic
ring of reals. Can the group neutrosophic ring 〈R ∪ I〉 [G]
have non trivial divisors of zero. Establish your claim!
81. Let G be a two unique product group and 〈Z ∪ I〉 the
neutrosophic ring of integers, can the group neutrosophic
ring 〈Z ∪ I〉 [G] have non trivial neutrosophic zero divisors?
Can 〈Z ∪ I〉 [G] have non trivial units and non trivial
neutrosophic units?
82. Find the necessary and sufficient condition for the group
neutrosophic ring 〈K ∪ I〉 [G] to be semisimple.
83. Give an example of a group neutrosophic ring which is not
semisimple.
84. Give an example of a group neutrosophic ring which is
semisimple.
85. Let S∞ denote the infinite symmetric group consisting of all
permutations moving only finitely many points. Is 〈K ∪ I〉
[S∞] semisimple for all neutrosophic fields?
86. Suppose G is a group having no elements of order p, in case
〈K ∪ I〉, the neutrosophic ring has characteristic p. Is 〈K ∪
I〉 [G] semisimple?
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87. Let G = 〈g/g15 = 1〉 and 〈Z5 ∪ I〉 be the neutrosophic field of
characteristic 5. Is the group neutrosophic ring 〈Z5 ∪ I〉 [G]
semisimple?
88. Let G = 〈g / g16 = 1〉 and 〈Z2 ∪ I〉 be the neutrosophic field
of characteristic 2. Is the group neutrosophic ring 〈Z2 ∪
I〉[G] semisimple?
89. Find necessary and sufficient condition for 〈K ∪ I〉 [G], the
group neutrosophic ring to satisfy a polynomial identity.
90. Let 〈K ∪ I〉 be a neutrosophic field of characteristic p and
suppose 〈K ∪ I〉 [G] satisfies a polynomial identity of
degree n. Does G necessarily have a normal p-abelian
subgroup A of finite index? If this is the case, are [G:A] and
|A| necessarily bounded as functions of n?
91.

Let 〈K ∪ I〉 be a neutrosophic field of characteristic p and
let 〈K ∪ I〉[G] satisfy a polynomial identity of degree n. Is
S(G) solvable of bounded derived length? (S(G) the
subgroup of G generated by all solvable normal subgroups
of G).

92.

Let 〈K ∪ I〉 [G] satisfy a polynomial identity of degree n;
a. Is [G : ∆(G) ] < n/2 in all cases?
b. What are the best possible bounds for [G: S(G)] and
for [G: A] in case [〈K ∪ I〉] [G] is semiprime?

93.

Let 〈K ∪ I〉 be a neutrosophic field of characteristic 0. Is it
necessarily true that Dn (〈K ∪ I〉 [G]) = γn(G)?

94.

Let 〈K ∪ I〉 be a neutrosophic field of characteristic p. Will
the group neutrosophic ring 〈K ∪ I〉[G] satisfy a polynomial
identity if G has a p abelian subgroup of finite index?
a. Is the converse of the above statement true?
b. Illustrate this situation by an example when p = 3.

95.

Suppose 〈K ∪ I〉 [G] satisfies a polynomial identity of
degree n will [G : ∆(G) ] < n/2 and | ∆(G) | < ∝?
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96.

Let α, β ∈ 〈K ∪ I〉 [G] with αβ = 1. Must βα necessarily
also equal 1 in a group neutrosophic ring?

97.

Let 〈K ∪ I〉 be a neutrosophic field of characteristic zero.
Let e ∈ 〈K ∪ I〉 [G] be an idempotent. Is the trace of e
necessarily rational? If so find an algebraic proof of this
fact.

98.

Let G be a torsion free group and 〈K ∪ I〉 be any
neutrosophic field. Is it true that 〈K ∪ I〉 [G] has no proper
divisors of zero. Are all units in 〈K ∪ I〉 [G] necessarily
trivial?

99.

What will be the situation if in the above problem (i.e.,
problem 98)G is replaced by a nilpotent group?

100. Find the necessary and sufficient condition for 〈K ∪ I〉 [G]
to be embeddable in a neutrosophic division ring.
101. Find a necessary and sufficient condition for the group
neutrosophic ring 〈K ∪ I〉 [G], which is embeddable in a
neutrosophic division ring to satisfy a polynomial identity.
102. Let 〈K ∪ I〉 be a neutrosophic field of characteristic p and
let e ∈ 〈K ∪ I〉 [G] be an idempotent or a neutrosophic
idempotent.
a. Is the trace of e necessarily rational?
b. Does trace of e ∈ GF (p)?
103. Find a necessary and sufficient condition for the group
neutrosophic ring 〈K ∪ I〉 [G] to be
a. Primitive.
b. Semiperfect.
c. Algebraic.
104. Is it true 〈K ∪ I〉 [G] is noetherian if and only if G has a
series of subgroup G = G0 ⊇ G1 … ⊇ Gn = 〈1〉, such that
Gi+1 is normal in Gi and Gi / Gi+1 is either a finite group or
an infinite cyclic group.
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105. Find all units, neutrosophic units, idempotents, neutrosophic
idempotents of the group neutrosophic ring 〈Z12 ∪ I〉 [A4]?
(A4, the alternating subgroup of S4).
106. Find all zero divisors, neutrosophic zero divisors and units
and neutrosophic units of the group neutrosophic ring 〈Z12
∪ I〉 [D2.6] where D2.6 = {a, b|a2 = b6 = 1, bab = a} the
dihedral group of order 12.
107. When will the two group neutrosophic rings, 〈R ∪ I〉 [G] ≅
〈S ∪ I〉 [H]?
108. Will 〈Zp ∪ I〉 [G] where G = 〈g / gn = 1〉 have zero divisors?
(n , p) = 1 or p/n.
109. Find all zero divisors and neutrosophic zero divisors of 〈Zp
∪ I〉 (Sp), where p is a prime and Sp is the symmetric group
of degree p.
110. When will the group neutrosophic ring 〈Zp ∪ I〉 [G]
isomorphic with 〈Zq ∪ I〉 [G']? Find conditions on p and q.
111. Let A and B be neutrosophic ideals in 〈K ∪ I〉 [G];
a. Is θ(A) an ideal in 〈K ∪ I〉 [A]?
b. Is A ≠ 0 if and only if θ (A) ≠ 0?
c. AB = 0, does it imply that θ (A) θ (B) = 0?
112. Prove if 〈K ∪ I〉 is a neutrosophic field of characteristic 0 &
G any group, 〈K ∪ I〉[G] contains no non-zero-nil-ideals.
113. Can we say if 〈K ∪ I〉 is a neutrosophic field of
characteristic 0 where the field K is not algebraic over the
rational field Q and G is a group, will the neutrosophic
group ring 〈K ∪ I〉 [G] be semisimple?
114. Let 〈K ∪ I〉 be a neutrosophic field. G a group and let F be a
family of subgroups of G. Suppose that if H ∈ F then will
〈K ∪ I〉 [H] be semisimple?
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115. If S is a finite subset of G then will there exist a subgroup H
in F with S ⊆ H. Is 〈K ∪ I〉 [G] semisimple?
116. Let N be a normal subgroup of G with G/N = B, B abelian
suppose 〈K ∪ I〉 [N] is semisimple and G has no elements of
order p in case 〈K ∪ I〉 has characteristic p. Will 〈K ∪ I〉 [G]
be semisimple?
117. Let G be a finite non abelian group and let 〈K ∪ I〉 [G]
satisfy a polynomial identity of degree n. What can one say
about elements x ∈ G \ (Z(G) is in the centre of G?
118. Let S(4) be the symmetric semigroup. Is the semigroup
neutrosophic ring 〈Z4 ∪ I〉 (S4) semisimple? Justify your
claim.
119. Find all neutrosophic zero divisors of the semigroup
neutrosophic ring 〈Zp ∪ I〉 S(n); where (n, p) = 1.
120. Can the semigroup neutrosophic ring 〈Zp ∪ I〉 S(p) have
zero divisors and neutrosophic zero divisors?
121. Find a nontrivial neutrosophic right ideal of the semigroup
neutrosophic ring 〈Z2 ∪ I〉 (S(3)) which is not a
neutrosophic left ideal. Also find a neutrosophic right ideal
of 〈Z2 ∪ I〉 [S (3)].
122. Find condition on the neutrosophic ring 〈K ∪ I〉 and on the
semigroup S so that the semigroup neutrosophic ring 〈K ∪
S〉S is semisimple?
123. Find under what conditions the semigroup neutrosophic ring
〈K ∪ I〉 [S] satisfies a polynomial identity.
124. Find a necessary and sufficient condition for the semigroup
neutrosophic ring 〈K ∪ I〉[S] to be embeddable in a
neutrosophic division ring.
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125. Find a necessary and sufficient condition for the semigroup
neutrosophic ring 〈K ∪ I〉 [G] to be
a. Primitive.
b. Semiperfect.
c. Algebraic.
126. Let α, β ∈ 〈K ∪ I〉 [S], a semigroup neutrosophic ring with
αβ = 1. Must βα necessarily also be equal to 1? Justify your
claim.
127. Can we find left units in the semigroup neutrosophic ring
〈Z3 ∪ I〉 [S3]?
128. Does their exists non trivial units and neutrosophic units in
the group neutrosophic ring 〈Z2 ∪ I〉 (S6)?
129. Can a semigroup neutrosophic ring have a principal
neutrosophic ideal? Justify your claim.
130. Find a necessary and sufficient condition for the semigroup
neutrosophic ring 〈K ∪ I〉 [S] to be semisimple.
131. Is 〈Z ∪ I〉 [S4] semisimple?
132. Can 〈Q ∪ I〉 [S(n) ] be semisimple?
133. Will 〈Zp ∪ I〉 [S(p)] be semisimple?
134. When will a semigroup neutrosophic ring 〈K ∪ I〉 [S] have
nil ideals?
135. Find a necessary and sufficient condition for the semigroup
neutrosophic ring 〈K ∪ I〉[S] to be prime.
136. Find a necessary and sufficient condition for the semigroup
neutrosophic ring 〈K ∪ I〉 [S] to be semiprime.
137. Is the semigroup neutrosophic ring 〈Q ∪ I〉 [S(4)]
semiprime?
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138. Find the center of the semigroup neutrosophic ring 〈Z2 ∪ I〉
[S(3)].
139. Let 〈K ∪ I〉 [S] be a S-semigroup neutrosophic ring. Find
conditions on S and 〈K ∪ I〉 so that 〈K ∪ I〉 [S] contains a
non trivial group ring which is semiprime.
140. Does the S-semigroup neutrosophic ring 〈Z11 ∪ I〉 [S(5)]
contain a semiprime group ring?
141. Find interesting properties
neutrosophic rings 〈R ∪ I〉S.

about

the

semigroup

142. Find a necessary and sufficient condition for a S-semigroup
neutrosophic ring 〈K ∪ I〉 [S] to have non trivial prime
group rings.
143. Can a S-semigroup neutrosophic ring be prime? If so give
an example of one such S-semigroup neutrosophic ring.
144. Does there exist a S-semigroup neutrosophic ring which
satisfies a polynomial identity of degree n?
145. Find conditions on the S-semigroup so that the S-semigroup
neutrosophic ring 〈K ∪ I〉 [S] contains a group ring which
satisfies the polynomial identity of degree n.
146. Can the S-semigroup neutrosophic ring 〈Q ∪ I〉 [S(n)]
satisfy the polynomial identity of degree n?
147. When will the S-semigroup neutrosophic ring 〈K ∪ I〉 [S] be
semiprime?
148. Find conditions on the S-semigroup S so that the Ssemigroup neutrosophic ring 〈K ∪ I〉[S] has a proper subset
which is a group ring say K[G], which is semiprime.
149. Find a necessary and sufficient condition for the Ssemigroup neutrosophic ring to be semisimple.
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150. Is the S-semigroup neutrosophic ring 〈R ∪ I〉 [S(5)]
semisimple where R is the field of reals.
151. Find conditions on the S-semigroup neutrosophic ring 〈K ∪
I〉 [S] to have a group ring which is semisimple.
152. Find the necessary and sufficient conditions for the Ssemigroup ring 〈K ∪ I〉 [S] to be
a. Primitive.
b. Semiperfect.
c. Algebraic.
153. Find a necessary and sufficient condition for the Ssemigroup neutrosophic ring 〈K ∪ I〉 [S] to be embeddable
in a neutrosophic division ring.
154. Can we say in a S-semigroup neutrosophic ring 〈K ∪ I〉 [S]
for α, β ∈ 〈K ∪ I〉 [S] with αβ = 1, then must it imply that
βα = 1?
155. Find all units in the S-semigroup neutrosophic ring 〈Z10 ∪ I〉
[S(4)].
156. Find a maximal neutrosophic ideal of the S-semigroup ring
〈Z2 ∪ I〉 [S(5)].
157. Find a right neutrosophic ideal of 〈Z3 ∪ I〉 [S(3)] which is
not a left neutrosophic ideal of 〈Z3 ∪ I〉 [S(3)]. Does 〈Z3 ∪
I〉 [S (3)] contain any
a. Minimal neutrosophic ideal?
b. Principal neutrosophic ideal?
c. Prime neutrosophic ideal?
158. Find all units and neutrosophic units of the neutrosophic
group neutrosophic ring [〈Q ∪ I〉] [〈G ∪ I〉] where 〈G ∪ I〉 =
{1, g, g2, g3, g4, g5, I, gI, g2I, g3I, g4I, g5I / I2 = I and g6 = 1}.
Does 〈Q ∪ I〉 [〈G ∪ I〉] have non trivial zero divisors?
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159. Does the neutrosophic group neutrosophic ring 〈Zp ∪ I〉 [〈G
∪ I〉] where 〈G ∪ I〉 = {1, g, g2, …, gp-1, I, gI, g2I, …, gp-1I /
I2 = I and gp = 1} p a prime have non trivial neutrosophic
zero divisors, units and idempotents?
160. Find strong neutrosophic ideal of the neutrosophic group
neutrosophic ring 〈Z6 ∪ I〉 [〈G ∪ I〉] where 〈G ∪ I〉 = {1, g,
g2, g3, … g11, I, gI, … g11I / g12 = 1 and I2 = I}. Does this
neutrosophic group neutrosophic ring have both maximal
and minimal neutrosophic strong ideals?
161. Find a neutrosophic strong right ideal of the neutrosophic
group neutrosophic ring 〈Z10 ∪ I〉 [D2.4 ∪ I] where 〈D2.4 ∪ I〉
= {1, a, b, b2, b3, ab, ab2, ab3, I, aI, bI, b2I, b3I, abI, ab2I,
ab3I / I2 = I, a2 = b4 = 1, bab = a}. Does it have any
neutrosophic strong prime ideal? Find a neutrosophic left
ideal in 〈Z10 ∪ I〉 [〈D2.4 ∪ I〉].
162. Find some interesting properties about neutrosophic group
neutrosophic rings.
163. Find a necessary and sufficient condition for a neutrosophic
group neutrosophic ring 〈K ∪ I〉 [〈G ∪ I〉] to satisfy a
polynomial identity.
164. Find a necessary and sufficient condition for the
neutrosophic group neutrosophic ring to have non trivial
non zero nil ideals.
165. Find a necessary and sufficient condition for the
neutrosophic group neutrosophic ring to be embeddable in a
neutrosophic division ring.
166. When is the neutrosophic group neutrosophic ring 〈K ∪ I〉
[〈G ∪ I〉] semisimple?
167. Is the neutrosophic group neutrosophic ring 〈Q ∪ I〉 [〈G ∪
I〉] where 〈G ∪ I〉 = = {1, g, g2, …, gp–1, I, gI, g2I, …, gp–1I /
gp = 1 and I2 = I} semiprime? Justify your claim.
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168. Find the necessary and sufficient condition for the
neutrosophic group neutrosophic ring 〈K ∪ I〉 [〈G ∪ I〉] to
be
a. Primitive.
b. Semiperfect.
c. Algebraic.
169. Suppose 〈K ∪ I〉 [G ∪ I] satisfies a polynomial identity of
degree n. Is [〈G ∪ I〉 : ∆ (〈G ∪ I〉) ] < n/2 in all cases?
170. Suppose 〈K ∪ I〉 [〈G ∪ I〉] is the neutrosophic group
neutrosophic ring where 〈K ∪ I〉 is a neutrosophic field of
characteristic p, p > 0.
a. Is 〈K ∪ I〉 [〈G ∪ I〉] semiprime?
b. Does 〈K ∪ I〉 [〈G ∪ I〉] semiprime imply ∆ (〈G ∪
I〉) has no elements of order p?
c. If ∆ (〈G ∪ I〉) has no elements of order p does it
imply 〈K ∪ I〉 [〈G ∪ I〉] is semiprime?
d. Suppose 〈G ∪ I〉 has no finite neutrosophic normal
subgroup with order divisible by p does it not imply
〈K ∪ I〉 [〈G ∪ I〉] is semiprime?
171. Let 〈K ∪ I〉 be a neutrosophic field of characteristic p, p > 0
and let 〈G ∪ I〉 have no elements of order p. Does 〈K ∪ I〉
[〈G ∪ I〉] have non zero nil ideal?
172. 〈K ∪ I〉 [〈G ∪ I〉] is a neutrosophic group neutrosophic ring
where 〈K ∪ I〉 is a neutrosophic field of characteristic 0. Is
〈K ∪ I〉 [〈G ∪ I〉] semiprime? Justify your claim.
173. 〈Q ∪ I〉 [〈G ∪ I〉] be a neutrosophic group neutrosophic
ring. Is 〈Q ∪ I〉 [〈G ∪ I〉] semiprime?
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174. Let 〈K ∪ I〉 [〈G ∪ I〉] be a prime neutrosophic group
neutrosophic ring. Suppose 〈K ∪ I〉 [〈G ∪ I〉] satisfies a
polynomial identity of degree n. Is ∆ (〈G ∪ I〉) torsion free
abelian? Will [〈G ∪ I〉 : ∆ (〈G ∪ I〉)] < n / 2.
175. Prove or disprove if [〈K ∪ I〉] [〈G ∪ I〉] satisfy a polynomial
identity of degree n, then [〈G ∪ I〉: ∆ (〈G ∪ I〉)] < n !
176. Prove if 〈G ∪ I〉 is an infinite torsion free neutrosophic
group, then 〈K ∪ I〉 [〈G ∪ I〉] has no divisor of zero. If K is
of characteristic p, p an odd prime will 〈K ∪ I〉 [〈G ∪ I〉]
have non trivial units?
177. When will any two neutrosophic group neutrosophic rings
be isomorphic?
Note: The famous isomorphism problem for group rings has
been proposed some 40 years ago.
178. Find a necessary and sufficient condition for the group
neutrosophic ring 〈R ∪ I〉 [G] to be pseudo semisimple.
179. Let 〈R ∪ I〉 [G] be a group neutrosophic ring where 〈R ∪ I〉
is the neutrosophic field of reals G a t-u-p group. Is 〈R ∪ I〉
[G] pseudo semisimple?
180. Let 〈Zn ∪ I〉 [G] be a group neutrosophic ring, n not a prime.
G a u-p group. Is 〈Zn ∪ I〉 [G] pseudo semisimple?
181. Give an example of a group neutrosophic ring which is not
pseudo semisimple.
182. Find a necessary and sufficient condition so that the
semigroup neutrosophic ring 〈K ∪ I〉 [G] is pseudo
semisimple.
183. Let 〈Q ∪ I〉 [S(n)] be the semigroup neutrosophic ring
where 〈Q ∪ I〉 is the neutrosophic field of rationals. Is 〈Q ∪
I〉 [S(n)] pseudo semisimple?
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184. Give an example of a semigroup neutrosophic ring which is
not pseudo semisimple.
185. Give a class of semigroup neutrosophic rings which are
pseudo semisimple.
186. Find a necessary and sufficient condition for a neutrosophic
group ring to be pseudo semisimple.
187. Find a necessary and sufficient condition for a neutrosophic
semigroup ring to be pseudo semisimple.
188. Find a necessary and sufficient condition for a S-semigroup
neutrosophic ring to be Smarandache semisimple.
189. Give a class of S -semigroup neutrosophic rings which are
Smarandache semisimple.
190. Is the S-semigroup neutrosophic ring 〈Q ∪ I〉 [S (n)]
Smarandache semisimple? Is the S-semigroup neutrosophic
ring 〈Zn ∪ I〉 [S(n)] Smarandache semisimple?
191. Give a class of neutrosophic group ring which is pseudo
semisimple?
192. Is Q [〈D2n ∪ I〉] pseudo semisimple?
193. Is the neutrosophic group ring Zn (〈D2m ∪ I〉) pseudo
semisimple? [n / m, (m, n) = 1 or m / n].
194. Let p > 2 be a prime, Zp the prime field of characteristic p.
Zp [〈G ∪ I〉] be the neutrosophic group, 〈G ∪ I〉 has no
elements of order p. Is Zp [〈G ∪ I〉] pseudo semisimple?
Justify your claim!
195. Let Q [〈S ∪ I〉] be the neutrosophic semigroup ring where
〈S ∪ I〉 ≅ 〈Zn ∪ I〉; 〈Zn ∪ I〉 is a semigroup generated under
multiplication modulo n and Q the field of rationals. Is Q[〈S
∪ I〉] pseudo semisimple?
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196. Obtain a necessary and sufficient condition for the
neutrosophic semigroup ring K [〈S ∪ I〉] to be a pseudo
domain or pseudo division ring.
197. Find a class of neutrosophic semigroup rings K [〈S ∪ I〉]
which is a pseudo domain or a pseudo division ring.
198. Is the neutrosophic semigroup ring Q [〈S ∪ I〉] (where S ≅
Zn, the semigroup and 〈S ∪ I〉 is a neutrosophic semigroup
under multiplication modulo n; (n a prime)) a pseudo
domain or a pseudo division ring?
199. Find a necessary and sufficient condition for the
neutrosophic group ring K [〈G ∪ I〉] where 〈G ∪ I〉 is a
neutrosophic group to be a pseudo domain or a pseudo
division ring.
200. Give a class of neutrosophic group rings K [〈G ∪ I〉] to be a
pseudo domain or a pseudo division ring.
201. Is the neutrosophic group ring K [〈G ∪ I〉] where G is a t-up group or t-p group and K any field a pseudo domain or a
pseudo division ring? Justify your answer.
202. Is [〈K ∪ I〉][G] ≅ K [〈G ∪ I〉]? (G a group 〈G ∪ I〉 a
neutrosophic group) i.e., Is a group neutrosophic ring
isomorphic to a neutrosophic group ring?
203. Is [K ∪ I][S] ≅ K[〈G ∪ I〉]? i.e., is a semigroup
neutrosophic ring isomorphic to a neutrosophic semigroup
ring?
204. Find a necessary and sufficient condition for a neutrosophic
group ring to be
a. Pseudo prime.
b. Pseudo semiprime.
205. Obtain a class of pseudo prime (pseudo semiprime)
neutrosophic group rings.
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206. Obtain a necessary and sufficient condition for a group
neutrosophic ring to be
a. Pseudo prime.
b. Pseudo semiprime.
207. Find a class of group neutrosophic rings which are pseudo
prime.
208. Is the group neutrosophic ring 〈Q ∪ I〉 [Sn] pseudo prime?
209. Is the semigroup neutrosophic ring 〈Q ∪ I〉 [S(n)] pseudo
semiprime?
210. Is the group neutrosophic ring 〈R ∪ I〉 [G] where [R ∪ I] is
the neutrosophic real field and G a torsion free abelian
group pseudo semiprime?
211. Can the group neutrosophic ring 〈Z10 ∪ I〉 [G] where G is a
cyclic group of order 20 be pseudo semiprime or pseudo
prime?
212. Can the semigroup neutrosophic ring [Z10 ∪ I] [S(10)] be
pseudo semiprime? Justify your claim.
213. Can the neutrosophic group ring Z[〈D2.5 ∪ I〉] be pseudo
semiprime? Justify your answer.
214. Q [〈D2.5 ∪ I〉] be the neutrosophic group ring. Is Q [〈D2.5 ∪
I〉] pseudo prime? Justify your claim.
215. Characterize those neutrosophic group neutrosophic ring
[〈K ∪ I〉] [〈G ∪ I〉] which are pseudo semiprime.
a. Weakly semiprime,
b. Weakly pseudo prime,
c. Weakly pseudo semisimple,
d. Weakly pseudo domain or weakly pseudo division
ring.
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216. Give a class of neutrosophic group neutrosophic rings [〈K
∪ I〉] [〈G ∪ I〉] which are weakly pseudo semisimple.
217. Is the neutrosophic group ring [〈K ∪ I〉] [〈G ∪ I〉] where 〈K
∪ I〉 = 〈Q ∪ I〉 the neutrosophic field of rationals, 〈G ∪ I〉
the neutrosophic group, where G is the infinite cyclic group
a weak pseudo domain? Justify your claim.
218. Find a necessary and sufficient condition for the
neutrosophic group neutrosophic ring to satisfy a pseudo
polynomial identity of degree n.
219. Find a class of neutrosophic group neutrosophic ring which
satisfies the pseudo polynomial identity of degree n.
220. Let [〈K ∪ I〉] [〈G ∪ I〉] be the neutrosophic group
neutrosophic ring where [〈K ∪ I〉] = [〈Q ∪ I〉] the
neutrosophic ring of rationals and 〈G ∪ I〉 = {1, g, … gn-1, I,
gI, … gn-1I / gn = 1 and I2 = I} be the neutrosophic group.
Does the neutrosophic group neutrosophic ring satisfy any
pseudo polynomial identity?
221. Find some interesting properties about neutrosophic
semigroup neutrosophic rings.
222. Find a necessary and sufficient condition for the
neutrosophic semigroup neutrosophic ring [〈K ∪ I〉] [〈S ∪
I〉] to be semisimple.
223. Find conditions on the neutrosophic ring 〈K ∪ I〉 and the
neutrosophic semigroup, 〈S ∪ I〉 so that the neutrosophic
semigroup neutrosophic ring [〈K ∪ I〉] [〈S ∪ I〉] satisfies a
polynomial identity of degree n.
224. Find a necessary and sufficient condition for the
neutrosophic semigroup neutrosophic ring to be embeddable
in a neutrosophic division ring.
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225. Find a necessary and sufficient conditions for the
neutrosophic semigroup neutrosophic ring [〈K ∪ I〉] [〈S ∪
I〉] to be
a. Primitive.
b. Prime.
c. Semiprime.
d. Semiperfect.
e. Algebraic.
226. Find a necessary and sufficient condition on [〈K ∪ I〉] [〈S ∪
I〉] to be
a. Weakly pseudo prime.
b. Weakly pseudo semisimple.
227. Obtain some interesting properties about S-neutrosophic
semigroup rings K [〈S ∪ I〉].
228. Find a necessary and sufficient condition for the Sneutrosophic semigroup ring to be semisimple.
229. Is the S-neutrosophic semigroup ring Q [〈S ∪ I〉] (where S ≅
{Z12, semigroup under multiplication modulo 12 and 〈S ∪ I〉
is the S-neutrosophic semigroup} semisimple?
230. Find the necessary and sufficient condition for the Sneutrosophic semigroup ring to be
a. Prime.
b. Semiprime.
c. Semi perfect and
d. Embeddable in a neutrosophic division ring.
231. Obtain some interesting properties about the S-neutrosophic
semigroup neutrosophic rings [〈K ∪ I〉] [〈S ∪ I〉].
232. Find a necessary and sufficient condition for the Sneutrosophic semigroup neutrosophic ring [〈K ∪ I〉] [〈S ∪
I〉] to be semisimple.
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233. When will the S-neutrosophic semigroup neutrosophic ring
[〈K ∪ I〉] [〈S ∪ I〉] be pseudo semisimple?
234. Find necessary and sufficient condition for the Sneutrosophic semigroup neutrosophic ring [〈K ∪ I〉] [〈S ∪
I〉] to be
a. Prime.
b. Semiprime.
c. Perfect.
d. Algebraic.
235. Find a necessary and sufficient condition for the Sneutrosophic semigroup neutrosophic ring [〈K ∪ I〉] [〈S ∪
I〉] to satisfy the polynomial identity of degree n.
236. Find conditions on the neutrosophic ring 〈K ∪ I〉 and on the
S-neutrosophic semigroup 〈S ∪ I〉, so that the Sneutrosophic semigroup neutrosophic ring is
a. pseudo prime
b. pseudo semiprime
c. pseudo embeddable in a neutrosophic domain or in
a neutrosophic division ring.
d. pseudo semisimple.
237. Let 〈Z12 ∪ I〉 = 〈S ∪ I〉 be a S-neutrosophic semigroup and
〈K ∪ I〉 the neutrosophic rational field of characteristic zero.
Does the S-neutrosophic semigroup neutrosophic ring [〈K
∪ I〉] [〈S ∪ I〉] have maximal neutrosophic ideals? Find zero
divisors, units and idempotents in [〈K ∪ I〉] [〈S ∪ I〉]. Show
in general every neutrosophic subring of [〈K ∪ I〉] [〈S ∪ I〉]
is not a neutrosophic ideal of [〈K ∪ I〉] [〈S ∪ I〉].
Is this S-neutrosophic semigroup neutrosophic ring
semiperfect? Justify your claim.
238. Does their exists a S-neutrosophic semigroup neutrosophic
ring [〈K ∪ I〉] [〈S ∪ I〉] which is a neutrosophic domain or a
neutrosophic division ring?
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239. Find condition on 〈K ∪ I〉 and 〈S ∪ I〉 so that [〈K ∪ I〉] [〈S
∪ I〉] contains a commutative domain.
240. Does their exist a class of pseudo neutrosophic rings which
contains 1?
241. Characterize those pseudo neutrosophic ring with 1 if they
exist.
242. Does the group neutrosophic ring 〈K ∪ I〉 [Sn] have any
pseudo neutrosophic subring?
243. Can the group neutrosophic ring 〈Z12 ∪ I〉 [S6] have any
nontrivial pseudo neutrosophic subring? Justify your claim.
244. Does the semigroup neutrosophic ring 〈Z6 ∪ I〉[S(3)] have
any pseudo neutrosophic subring?
245. Find a necessary and sufficient condition for the group
neutrosophic ring [〈K ∪ I〉][G] to have pseudo neutrosophic
subrings and pseudo neutrosophic ideals.
246. Find all pseudo neutrosophic subrings of 〈Z9 ∪ I〉 [D2.9].
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